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Introduction 
This investigation is devoted to the study of a number of 
questions of geometry “in the large.” Certain of these have been con- 
sidered in previous publications by the author and here obtain either 
further development or a definitive solution. Other questions are con- 
sidered here for the first time. 
The first section studies the regularity of a convex surface with regular 
metric in a Lobachevsky space. For the case of Euclidean and elliptic 
space such an investigation has been carried out by the author (Pogorelov 
[3, 51). In the note (Pogorelov [4]) the solution of this question was out- 
lined for any space of constant curvature. However, for the case of a 
Lobachevsky space this solution cannot be considered satisfactory, since 
it refers only to surfaces of positive Gaussian curvature. In the present 
work the question of the regularity of a convex surface with a regular 
metric in a Lobachevsky space obtains a solution as natural as that in the 
case of Euclidean and elliptic space. We can now formulate the theorem 
for the case of any space of constant curvature in the following natural 
form: 
If a convex surface in a space of constant curvature has a regular metric 
and its Gaussian curvature is everywhere greater than the curvature of the 
space, then the surface is regular. Namely, if the metric of the surface is k 
times dif/erentiable (k 3 5), then the surface is at least k - 1 times differen- 
tiable. If the metric of the surface is analytic, then the surface is analytic. 
The second section considers the question of estimates for the normal 
curvatures of a closed surface, homeomorphic to a sphere, and having 
positive extrinsic curvature in a three-dimensional Riemannian space. 
Obtaining these estimates is one of the basic steps in the solution of the 
problem of the isometric imbedding in the large of a two-dimensional 
Riemannian manifold in a three-dimensional one. The question of 
estimates for the normal curvatures of a closed surface in a Riemannian 
space was considered by the author [3], where such estimates were, in 
fact, obtained for any Riemannian space, under the condition, however, 
that the Gaussian curvature of the surface was greater than a certain 
constant k* depending upon the curvature of the space. In the present 
work the question of estimates for the normal curvatures of a closed 
surface in a Riemannian space of nonpositive curvature is solved under 
the natural condition of the positivity of the extrinsic curvature. Namely, 
the following theorem is proven: 
Let R be a Riemannian space with nonpositive curvature, and F a regular 
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closed surface, homeomorphic to a sphere, with positive extrinsic curvature 
(i.e., the Gauss curvature exceeds, at each point of the surface, the sectional 
curvature of the space corresponding to the plane element tangent to the 
surface), Then, the normal curvatures of the surface F are bounded from above 
by a certain constant, depending only upon the metric of the surface and the 
metric of the space. 
The third section contains a natural solution of the problem of the 
isometric imbedding of a closed two-dimensional manifold, homeo- 
morphic to a sphere, and having a regular metric, in a Riemannian space 
with nonpositive curvature. This problem was considered by the author 
[3], where it was solved under the condition that the Gaussian curvature 
of the imbeddable manifold be greater than a certain constant K*, 
depending upon the curvature of the space. In the present work, for the 
case of a space with nonpositive curvature, this result is substantially 
extended and assumes in a certain sense a definitive form in the following 
theorem: 
Let R be a complete Riemannian space with a regular metric and with 
sectional curvatures not greater than c < 0, and let M be a closed two- 
dimensional mansfold, homeomorphic to a sphere and having a regular 
metric and Gaussian curvature everywheregreater than c. Then the manifold 
M is isometrically imbeddable in R in the form of a regular surface F, 
Moreover, the imbedding can be carried out in such a way that a given 
two-dimensional element cy of the manifold M (a point and a pencil of direc- 
tions through it) shall coincide with a given two-dimensional element a’, 
isometric to CY, in the space R, and that the surface F shall lie on a prescribed 
side of the surface element XI. The imbedding of M defined by these conditions 
is unique. 
The assertion of the uniqueness of the surface F, fixed by a two- 
dimensional element, is complemented by the following theorem on the 
isometric transformations of a free surface. 
Suppose that one is given, in a complete Riemannian space R with a 
regular metric and curvature nowhere greater than c < 0, two regular 
equally oriented isometric surfaces, homeomorphic to a sphere and having 
Gaussian curvatures greater than c. Then, there exists a continuous bending 
of one surface into the other, i.e., a continuous deformation which preserves 
the metric. 
The fourth section of this work considers the question of the isometric 
transformations of punctured surfaces. The question is posed as follows. 
Let F be a closed regular surface with positive Gaussian curvature in 
Euclidean space. We remove a finite number of points from F and denote 
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the “pierced” surface thereby obtained by F’. Question: does F’ admit 
a nontrivial isometric transformation, i.e., does there exist a regular 
surface which is isometric to F’ and not congruent to F’ ? The simple 
example of a sphere which is punctured at two diametrically opposite 
points shows that the possibility of nontrivial isometric transformations 
of the surfaceF’ is, in general, not excluded. In fact, the following theorem 
holds: 
A closed convex regular surface with positive Gaussian curvature, 
punctured at two arbitrary points, admits at least a countable set of non- 
trivial isometric transformations. 
The fifth and final section considers the question of rigid closed 
surfaces, not homeomorphic to a sphere and having positive extrinsic 
curvature in a Riemannian space. Such surfaces exist and are easily 
constructed in a nonsimply connected space of negative curvature. For 
example, if there is a closed geodesic in a given space with negative 
curvature, then the locus of those points of the space which lie at a 
small distance 6 from the geodesic is a surface with positive extrinsic 
curvature, homeomorphic to a torus. The question of the rigidity of 
surfaces, homeomorphic to a torus and having positive extrinsic curva- 
ture, is answered by the following theorem. 
In a Riemannian space, a closed surface with positive extrinsic curvature, 
homeomorphic to a torus and heldfixed at one point, is rigid-in particular, 
does not admit continuous bendings. 
Evidently an analogous theorem, but without any conditions that 
the surface be held fixed, holds for a surface of any genus p > 1. In 
the present work an approach to the proof of this theorem is presented. 
There are also two appendices. In Appendix 1 the theorem on the 
isometric imbedding of a two-dimensional Riemannian manifold in a 
three-dimensional Riemannian space with nonpositive curvature, 
obtained in Section 3, is extended to the case of any Riemannian space. 
In Appendix 2 the result obtained by the author [3] on the regularity 
of a convex surface with regular metric in a Euclidean space is extended 
to the case of metrics which are three and four times differentiable. 
1. On the Regularity of Convex Surfaces with Regular Metrics 
in Spaces of Constant Curvature 
1.1. Statement of the Problem and of the Results. We will con- 
sider a convex surface in a space of constant curvature k, , understanding 
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by the term “convex surface” a region on the boundary of a convex body. 
If one can introduce on the surface a parametrization u1 , u2 in a neigh- 
borhood of each point in such a way that the coefficients of its line 
element dS2 are regular functions of the variables u1 , u2 , then we say 
that the surface has a regular metric. The degree of regularity of the 
metric of the surface we will define as the maximal differentiability of 
the coefficients of the form dS2 with respect to every possible parametriza- 
tion of the surface. If the surface admits a parametrization for which the 
coefficients of the form dS2 are analytic functions, then the metric is 
said to be analytic. 
A space of constant curvature admits, in a neighborhood of each point, 
an analytic parametrization vi , i.e., a parametrization with respect to 
which the coefficients of the line element of the space ds2 are analytic 
functions. If, in a space of constant curvature, two analytic parametriza- 
tions vi and vi’ are introduced in a neighborhood of a given point, then 
there exists an analytic transformation from one parametrization to the 
other (the coordinates vi’ are analytic functions of the coordinates vi). 
These properties make it possible to give a definition of a regular surface 
in a space which is invariant with respect to the parametrization of the 
space. 
Namely, we will call a convex surface F in a space R of constant curva- 
ture k, regular (n times differentiable or analytic), if for a suitable para- 
metrization of the surface and an analytic parametrization of the space, 
the spatial coordinates vi of a point on the surface are regular (n times 
differentiable or analytic) functions of the coordinates ui on the surface. 
The question which we shall consider in this section consists in the 
following. To what extent does the regularity of the intrinsic metric 
of a surface imply the regularity of its extrinsic form, i.e., the regularity 
of the surface itself? For the case where the space is Euclidean (k, = O), 
this question was answered in the author’s work [3], where the following 
theorem was proven: 
Zf a convex surface has a regular (k times differentiable, k >, 5) metric 
and positive Gaussian curvature, then the surface itself is regular (at least 
k - 1 times dzxerentiable). Zf the metric is analytic, then the swface is 
analytic. 
In the author’s work [5] the question of the regularity of a convex 
surface with a regular metric in an elliptic space (k, > 0) was answered 
by an analogous theorem. 
Zf a convex surface in an elliptic space has a regular (k times dijferentiable, 
k 3 5) metric and the Gaussian curvature of the surface is greater than 
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the curvature of the space, then the surface itself is regular (at least k - 1 
times differentiable). If the metric of the surface is analytic, then the surface 
is analytic. 
One can present indirect considerations to show that a theorem on the 
regularity of a convex surface with regular metric, formulated in the 
same way as for an elliptic space, should hold in the case of a Lobachevsky 
space (k, < 0). However, an attempt to directly carry over the method of 
proof of the theorem in Euclidean space to the case of Lobachevsky space, 
undertaken in the author’s note (Pogorelov [4]), encountered difficulties 
which were overcome by the condition of the positivity of the Gaussian 
curvature of the surface. As a result, the following theorem was obtained: 
If the metric of a convex surface in a Lobachevsky space is k times 
diflerentiable (k > 5) and the Gaussian curvature is positive, then the sur- 
face is at least k - I times differentiable. If the metric of the surface is 
analytic, then the surface is analytic. 
Thus, the natural requirement that the Gaussian curvature of the 
surface be greater than the curvature of the space was replaced, in this 
theorem, by the stronger requirement that the Gaussian curvature of the 
surface must be positive. As was to be expected, this requirement is 
superfluous. It is not related to the essence of the question, but rather 
to the method of proof, and was needed in establishing a priori estimates 
for the normal curvatures of the surface. 
In the present work a priori estimates for the normal curvatures of a 
convex cap in a Lobachevsky space will be established without assuming 
the positivity of the Gaussian curvature of the surface. This makes it 
possible to give the theorem on the regularity of a convex surface with 
regular metric in a Lobachevsky space the following natural form. 
THEOREM 1. If a convex surface in a Lobachevsky space has a 
regular (k times difleerentiable, k > 5) metric and the Gaussian curvature 
qf the surface is greater than the curvature of the space, then the surface 
itself is regular (at least k - 1 times differentiable). If the metric of the 
surface is analytic, then the surface is analytic. 
The importance of this theorem lies in the fact that it permits the use 
of the methods of Alexandrov, based upon his theoremon thegluing of 
surfaces, for the solution of various questions related to the isometric 
transformations of surfaces, just as in the case of Euclidean space 
(Pogorelov [3]). 
Thus, for example, from Alexandrov’s theorem [2] on the isometric 
imbedding of a manifold, homeomorphic to a sphere and having curva- 
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ture not less than k, in a Lobachevsky space, and the theorem on the 
regularity of a convex surface with regular metric, one obtains a solution 
of Weyl’s problem, for the case of a Lobachevsky space, in its classical 
formulation. Namely, 
THEOREM 2. An analytic metric with curvature everywhere greater 
than k, , de$ned on a sphere, can be realized by a closed convex analytic 
surface in a Lobachevsky space of curvature k, . 
1.2. Method of Proof. For the proof of the theorem on the regularity 
of a convex surface with a regular metric in a Lobachevsky space we 
will use an idea which lies at the base of the proof of the corresponding 
theorem for the case of Euclidean space (Pogorelov [3]). For this reason 
we will give particular attention to those stages of the proof where 
substantial changes are required. The remaining parts, which can 
simply be taken over from the Euclidean case, will be sketched, with 
references to the appropriate publications. * 
First of all, we prove the theorem for the case where the metric of the 
surface is analytic. Let F be such a surface and 0 a point on it. 
In the case of Euclidean space, a convex surface with regular metric 
and positive curvature is smooth and strictly convex (Alexandrov [l]). 
An analogous theorem holds also in a space of constant curvature, if 
the Gaussian curvature of the surface is greater than the curvature of the 
space. For an elliptic space a proof is contained in Pogorelov [5]. This 
proof can be taken over verbatim to the case of convex surfaces in a 
Lobachevsky space. 
Since the surface F is smooth and strictly convex, then there exists 
at the point 0 a unique supporting plane-the tangent plane to the 
surface, having only the point 0 in common with the surface. Using a 
plane, perpendicular to the normal to the surface at 0, we cut off from 
the surface a small cap w. Now for the proof of the analyticity of F 
it is sufficient to prove the following two assertions: 
1. There exists an analytic convex cap cz isometric to W. 
2. Isometric convex caps in a Lobachevsky space are congruent. 
The proof of the second of these assertions can be based upon the 
same considerations as those used in Pogorelov [3] for Euclidean caps. 
* Much of this material can be found in the book by Busemann [I]. (Footnote 
added by translator.) 
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Namely, the monotypyt of convex caps in the class of all convex caps 
in a Lobachevsky space was proven in this manner by Danelich [I]. 
The proof of the first assertion is reduced to solving a boundary value 
problem for the deformation equation (Darboux’s equation), to which 
the construction of a surface which realizes a metric given by a line 
element reduces. The Darboux equation is constructed in a Lobachevsky 
space in the same way as in an elliptic space (Pogorelov [5]). Omitting 
this construction, we proceed to the end result. 
Suppose that the regular surface F with line element 
ds2 = E du2 + 2F du dv + G dv2 
is projected single-valuedly on a plane e, and Z(U, V) is the distance from 
the point (u, v) on the surface to the plane o, taken with the appropriate 
sign. Then, if the curvature of the Lobachevsky space is A,, = - 1, the 
function Z(U, w) satisfies the equation 
(I + 4 (t + y) - (s + 8)” + 8 = 0, 
where OL, 8, y, 6 have the following values: 
(*) 
a = - r;12. - l& - th z(E - zu2), 
j3 = - r12z,, - r;2zv - th z(F - z,z,), 
y = - r;2zu - ri2zv - th z(G - a “) * 9 
6 = (k + l){(E - z,~)(G - zn2) - (F - z,zJ2}. 
Here r; are the Christoffel symbols for the surface, k is the Gaussian 
curvature of the surface, and I, s, and t are the second derivatives of the 
function ~(24, v). 
Just as in the Euclidean case, Y  + 01, s + p, and t + y equal, up to a 
certain factor, the coefficients L, M, and N of the second quadratic form 
of the surface. Namely, if we set 
Q2 = P - zu2)(G - zv2) - (F - ~4~ 
EG-Fs -- 9 
7 The translator uses the concise notation introduced by H. Busemann in 
his book “Convex Surfaces” [I]. The surface S is said to be monotypic in a class 
C of surfaces, if C contains surfaces intrinsically isometric to S and any two such 
surfaces are congruent. The first condition is trivially satisfied if S E C, as in 
the present case. 
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then, 
L = ; (T + a), M = $ (s + B), N = 1 (t + y) Q 
Similar to the case of Euclidean caps (Pogorelov [I, Chapter 5]), we 
construct a convex (with positive geodesic curvature) analytic curve, 
close to the edge of the cap ‘u, and we denote by w’ the region on the 
surface F bounded by this curve. We show that there exists an analytic 
cap 8’ isometric to w’. For this it suffices to prove the solvability of the 
Dirichlet problem for Eq. (*) in the region G’ on the u, v plane, corre- 
sponding to w’, for the condition z = 0 on the boundary of the region. 
The existence of such a solution is guaranteed by a well-known theorem 
of S. N. Bernstein, under the condition that it is possible to obtain a 
priori estimates of the assumed solution and its derivatives up to second 
order. 
An estimate of the modulus of the solution and its first derivatives 
p and q does not present any difficulties. In fact, I z ~ does not exceed the 
intrinsic diameter of the region w’, and 
Estimates for the second derivatives of the solution z(u, v) will 
first be obtained on the boundary of the region G’. To do this, we 
construct along the edge of the region w’, inside w’, a quasigeodesic 
system of coordinates u, v, such that the edge of the region w’ is the line 
u = 0. For this, the line element of the surface assumes the form 
ds2 = du2 t c2 dv2 
and the coefficients of Eq. (*) assume the following values: 
a= - (1 -P2)thz, /3=pqthz- >q, 
y = - (c’ - q2) th z + ccup - + q, 
s = - (k + I)@” - c’p’ - 42). 
Since the passage to the new coordinates was accomplished in a purely 
intrinsic manner, then the problems of establishing a priori estimates 
for the second derivatives of z in each of these two coordinate systems 
are equivalent. 
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In the quasigeodesic coordinates, t = z,, = 0 along the edge of 
8’. Therefore, it is sufficient to establish estimates only for s and r. 
Just as in the Euclidean case, we start with an estimate for s. 
Let us define the region oO’: II < us along the edge of 6’ by the condi- 
tions 
IPI -cl, IQI <2. 
Obviously, u,, is bounded from below, independent of the form of the 
analytic cap 3’ isometric to w’. Now, in rectangular Cartesian coordin- 
ates U, w, 5 we consider the surface @ defined by the equation 5 = c(u, v), 
where {(u, V) is a periodic function in V, coinciding with q(u, v) over one 
period. The surface @ has the shape of an infinitely long ribbon, project- 
ed on the strip 0 < u < us with one edge on the axis u = 0. We pass 
through the axis u = 0 a plane u forming the smallest angle with the uu 
plane and such that the surface @ lies under this plane. Now two pos- 
sibilities arise. Either the plane u rests on the edge u = z+, of the surface 
@, or it is tangent to @ at some point. 
In the first case 
and consequently, one obtains the estimate 
for the derivative s along the edge of the cap. 
Similarly, one obtains a lower bound for s 
- t muax I q(uo, 0) I < s, 
and consequently, a bound for j s 
IsI<;. 
Let us consider the second case, in which (T is tangent to @ at some 
point. Differentiating Eq. (*) with respect to ZI, we have 
P”& + r> - aLAs + 8) + 4& + a) + Tit + Y) 
- 2&(s + f3) + y& i a) + 6, = 0. 
(**I 
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For u and z, corresponding to the point at which a is tangent to 
the surface @ 
qw(t + Y) - %,,(s + B) + qvu(y + 4 < 0, 
and qt. = t T= 0. Therefore, Eq. (*) and (* *) yield 
The expressions a,, /3,, y?, and 6, contain the second derivatives 
of z linearly and, moreover, only s and t, and t = 0. Thus, 
is, for large S, of order not exceeding 3. 
For the next to last term of the inequality, it is essential here to note 
the following: 
ye = C&S + . ..) 
where the unwritten terms do not contain s. Since c, = -K,, on the 
boundary of the cap i3’, where K~ is the geodesic curvature of the edge, 
then for small u,, we may suppose that cU < (42). In this case 
yv Is_+ B>” - s 
Y 
is of order -Kos3/4y for large s. At the point of tangency, y > 0, since 
t + y > 0 and t = 0. Multiplying the inequality by y, we obtain 
- y + O(S) >, 0 
where O(s2) denotes a term of second order in s with bounded coefficient. 
From this follows the existence of an a priori estimate for qu = s at the 
point of tangency and, consequently, on the boundary of ij’, where s 
does not have a larger value. 
Finally, we will obtain an estimate for the derivative Y from Eq. (*), 
if we are able to find a positive lower bound for the coefficient y. 
Indeed, on the boundary of the cap 8’ 
(s+P)2-s Y=-a; 
Y (t = 0). 
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Since 
y = ccup, c = 1, C, = -Kg 
on the boundary of G’, then to estimate y it remains to estimate p from 
below. Such an estimate is obtained just as in the Euclidean case (Section 
1.5). Thus, we have proven the existence of a priori estimates for the 
second derivatives on the boundary of the cap G’. The existence of 
estimates for the second derivatives on the entire surface i3’ will be 
proven in Section 1.3. Now, under the assumption that such estimates 
have been obtained, we continue the proof of the theorem for the case 
of a surface with an analytic metric. 
The a priori estimates for the solution of Eq. (*) enable us to assert 
the existence of an analytic cap G’ isometric to w’. Let the region W’ 
increase to W. Then without restriction of generality we can assume that 
the caps G’ converge to a certain cap G isometric to w. 
It remains to be proven that the property of analyticity of the cap G’ 
is preserved when passing to the limit, w’ + w. This, in fact, follows 
from the possibility of establishing a priori estimates for the derivatives 
of any order of the function z, on the set ,of points of G’ situated at a 
distance greater than c > 0 from the plane of the edge, which are uniform 
relative to the limit passage. Section 1.4 will be devoted to establishing 
such estimates. 
Thus, to complete the proof of the theorem it remains for us 
I. to establish a priori estimates for the derivatives I, s, and t on the 
entire cap 3 under the assumption that estimates for these quantities 
have been obtained on the boundary of the cap; 
2. to establish a priori estimates for the derivatives of z at some 
distance from the plane of the edge of the cap G without any assumptions 
concerning the geometry of the edge. 
The proof of the theorem in the case of a surface F with K times differ- 
entiable metric is obtained by means of an analytic approximation of the 
metric of the cap and a limit passage, as in the Euclidean case (Pogorelov 
PI)* 
1.3. A Priori Estimates for the Normal Curvature of a Cap. In 
order to estimate the second derivatives of z, the solution of Eq. (*) 
(Section 1.2), it suffices to estimate the normal curvature K, of the cap i3’. 
Indeed, 
k =Ldu2+2Mdudv+Ndv2 
” Edu2+2Fdudv + Gdv2 ’ 
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If 1 k, 1 < C, then 
Hence, taking into account the expressions for L, M, and N given in 
Section 1.2, we obtain estimates for r, s, and t, the second derivatives 
of z with respect to u and v. 
We first obtain an estimate for the normal curvature of the cap G’ 
along its boundary. Since estimates for the derivatives on the boundary 
of 3’ have been obtained (Section 1.2), then in order to estimate the 
normal curvature, it suffices to establish a lower bound for the expression 
e = 1’E - .T,~)(G - ~9~) - (F - u,)*/~‘~ 
EG-F2 \ ’ 
which appears as the denominator of the coefficients L, M, and N of the 
second quadratic form. This expression has a simple geometric meaning 
and is the cosine of the angle formed by the normal to the cap with the 
perpendicular to its base. Along the edge of the cap it is the cosine of the 
angle between the tangent plane of the cap and the plane of its base. 
A lower bound for Q in the case of Euclidean caps is obtained in 
Section 1.5. This method of establishing an estimate carries over almost 
verbatim to the case of a cap in a Lobachevsky space. Therefore, the 
existence of a positive lower bound for Q and, consequently, an upper 
bound for the normal curvature of the cap C’ along its edge can be 
considered established. 
We proceed to the task of obtaining estimates for the normal curvature 
over the surface of the entire cap G’ under the assumption of the existence 
of such a bound on the edge of the cap. Let us denote by 6(X) the smaller 
of the angles formed by the normal to the cap at the point X and the 
perpendicular from X to the plane of the base of the cap. We denote the 
maximum of the normal curvatures at the point X by k(X) and consider 
the function 
where p is a positive constant which we will define later. Obviously, 
in order to estimate the normal curvature of the cap it is sufficient to 
estimate the function G(X). 
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The function C(X) assumes an absolute maximum on the surface 
of the cap 6’ at some point X,, . Two cases can occur: 
1. The point X,, belongs to the edge of the cap. 
2. The point X,, is an interior point of the cap. 
In the first case, an estimate for the function ti is obtained in an obvious 
manner, since we have an upper bound for the normal curvature on the 
edge of the cap and a lower bound for the quantity cos 6. 
Thus, it remains for us only to estimate W in the second case, where the 
point X0 at which W assumes its maximum is an interior point of the 
cap. 
We introduce on the surface of the cap G’ a quasigeodesic coordinate 
grid U, ZI in a neighborhood of the point X0 , taking for the line u the 
geodesic passing through the point X,, in the direction of the maximal 
normal curvature and, for the line ~1, the perpendicular geodesic. As 
parameters u and z, we choose the lengths along these geodesics. Then 
the line element of the cap takes the form 
ds2 = du2 + c2 dv”. 
At the point X0, c= 1, cu=c,=o, l&,=--k, cuv=o, cv,=o, 
where K is the Gaussian curvature of the cap at X,, . 
Let us now denote by K(X) the normal curvature of the cap at the 
point X in the direction u and consider the function 
Since K(X) < c(X) and K(X,,) = K(X,), the function w(X) also assumes 
its maximum at the point X,, , and our problem becomes that of estimat- 
ing w(X) at the point X0 . 
In order to simplify somewhat the ensuing calculations, we choose 
for the plane z = 0 not the plane of the base of the cap, as was the case 
up until now, but rather the tangent plane to the surface of the cap 
at the point X,, . Then, the deformation equation, while preserving its 
form, is substantially simplified at the point X,, , since at this point 
z = 0, p = 0, q = 0 consequently, OL = j? = y = 0. 
Taking into account the expression for L (Section 1.2) 
L = ; (Y + a), a= -(I -pP”)thz, Q = (1 _ p” _ $)‘jz, 
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since E = 1, we will have 
K(X) = 
Y - (1 -P2)thz 
2 1,'2' 
(1 -P2-S) 
We note that the normal curvature in the direction z’ is 
K’(X) = 
t-Y 
t2( 1 _ p” - $r’ 2 
Since, at the point X,, , K’ <K, 3~ = y = 0, c = 1, then, at this point 
t < r. Moreover, M = 0 at X0 and, consequently, s = 0 at X,,. 
We return to the deformation equation 
(r t cu)(t + y) - (s + fl)’ A- 6 = 0, (*I 
a = - (1 - p”) th z, p = pq th z - : q, 
y = - (c” - q”) th z + cc& - 2 q, 6 = - (1 + k)(c2 - c2p2 - 42). 
At the point X, , c = 1, c,, = c,. = 0, c,,, = c,., = 0, cT1*& = -k, 
,a = 0, p = q = 0, s = 0. From this it follows that at X,, 
01 = 0, B = 0, Y = 0, 8 = - (1 + k), 
% = 0, Bu = 0, Ya = 07 6, = - k,,, 
a,,,, = - r, B”,‘ = 0, Yll,‘ = - r(1 - 2k), 
6,,, = - k,,,, * 2k(l + k) - 23 1 2 k). 
At X0 the bending equation assumes the form 
rt + 6 = 0. 
Differentiating Eq. (*) with respect to U, we will have at X,, 
rut + tJ -j- s,, = 0. 
Hence, we obtain the expression 
t, = - + (6, + y,,t) 
for t,, at the point X,, . 
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Differentiating Eq. (*) twice with respect to U, we obtain at X0 
Puu -I- %u 10 + Y) - 2bU” + P”“)(S + B) 
f (t,,, + yuu)(r + a) I 31, + %)(L -k Yu) 
- qs,, + AJ2 + 6,” = 0 
or, inserting the values of the derivatives at X0 of the coefficients a, 
P, Y, and 6 
r,,t + r,,f + 2r,t, - 2fu2 + ad -i yuuy + L = 0. 





X(r - (1 -p’)thz) 
(1 - p2 - %)I'2 ' 
y=W 1 
h ( - p2 - $,,” + (1 - p2) th z. 
Since w,, = 0, w, = 0 at X0 , then at this point 
1 
Yu=W - i 1 1 h u’ Yu=W - i 1 h $’ 
Y  uu = wy + w (& - Tf Y2 + Y, 
I,, = - ww + w QI, - $ t2 + 2. h 
Let us insert the expressions for the derivatives Y, , I, , ‘;,, , and r,, 
into the equation obtained by differentiating Eq. (*) twice with respect 
to U. Then, following simple manipulations we obtain 
(7 + w(f) )t + (7 + W(f,,,,Y 
- F (t)’ - 2w2(+);: $ k.(+)” + Ar2 + 2By + C = 0, 
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where A, B, and C are bounded expressions, depending only upon the 
curvature k and its derivatives up to the second order. Noting that 
we can transform our equation to the form 
; (w,,t + W,“Y) - (1 + k) iy - 22 iy + 2k, k + O(r2) = 0, 
where O(ra) is a quadratic trinomial relative to T with bounded coeffi- 
cients. 
Since w  assumes its maximum at the point X,, and, consequently, 
w,, < 0, w,, < 0, then 
- (1 + k)+J - y+ + 2k, +’ + O(r2) > 0. 
Henceforth this will be called the basic inequality. 
We turn now to the calculation of the derivatives of A. If h denotes 
the distance from an arbitrary point of the cap G’ to the plane of its base, 
then 
From this it is evident that those derivatives of X which interest us are 
expressed in terms of derivatives of h up to the third order. In view of 
this, we begin by calculating these derivatives. 
Since the coefficients L, M, and N of the second quadratic form of the 
surface do not depend upon the choice of the plane z = 0 (Section 1.2), 
then the following equations must hold: 
Y - (1 - p”) th z A,,-- (1 -Izu2)thh 
(1 -p2-%)1'2= -(I -h"2-$)1'2' 
s+pqtha-?q k,, + k,)z, th h - + h, 
(1 -p2 - $)l'2= - (1 _ h,2 _ $)lP ' 
i - (c2 - q2) th z + ccup - 2 q k,, - (3 - k,2) th h + cc&, - : h, 
(1 -p2 - -c)1'2 = - 
( 
1 - h,2 - g2 * 
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Hence, for the second derivatives of the function h at the point X0 
the following expressions are obtained: 
h,, = (1 - hu2) th h - ~(1 - hu2 - hv2)l12, 
h,, = - h,h, th h - ~(1 - hu2 - hv2)1’2, 
h,, = (1 - hv2) th h - t(l - hu2 - hv2)‘12. 
Since, at the point X,, , s = 0 and rt = 1 + k, then for large Y 
h uu = - YAW + ..., h,, = 0 + . . . . h,, = 0 + . . . . 
where the unwritten terms are of order O(1). 
Differentiating l/h with respect to u and v, we obtain at X0 
1 ( 1 = 2/~A44~ h,r + 1 L . . . . ( ) xv = 0 + . . . . 
where we have written only the principal terms in Y. 
Now we calculate the principal terms (in Y) of the third derivatives 
huuu , h,,, . We have 
h uuu = - Y,A’/~ + rA-‘i2 huh,, + . . . , 
1 
y,=w- ( ) = 2 At4 p hh,A@/2 y2 + . . . . 
Consequently, 
h u,,,L = - (2/~ + l)h,r’ + . . . 
where the unwritten terms are of order less than y2. 
Similarly, 
h. .= -~rd’/~+ UU2 2 ..*, 
Thus, 
1 
y”=wxI ( 1 = 0 + . . . . 
h uuv = 0 + . . . . 
where the unwritten terms are of order less than r2. 
Now we can find the principal term of the derivative A,, . We have 
h,, = (--& = p(r + l)A-@Au2 - /.LA-c-~A~,, 
= 4p(,u + l)A-“-2 (h,,huu)’ + ~/LA-~--~ (hi, + huh,,,) + . . . . 
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Hence, 
A,, = 2pA-w2 + 2pA-a-1hu2r2 + . . . . 
where the unwritten terms are of order less than r2. 
Now we turn to the derivative A,, . In this connection we first calculate 
the appropriate derivatives of h. We note that at the point X,, 
h,, = - A1/2~ + O(l), h,, = - h,,h, th h, 
h,, = (1 - h,2) th h + O(t). 
We have 
h *,,,, = ((1 - hv2) th h),, - tuA112 + tA-‘/2h,h,, + Kh, + O(t), 
- t,A’j2 = 2phJl + k) + O(t), 
tA-‘/2h,h,, = - (1 + k)h,, + O(t), 
((1 - h,“) th h)” = - 2h&, th h + (1 - h,2) & 
= 2h,hv2 th2 h + (1 - h,2)( 1 - th2 h)h,. 
Hence, 
hh I - 2hu2h,2 th2 h + (1 - h,“)(l - th2 h)hu2 vtlu - 
+ 2tLhw2(1 + k) - b2 + O(+). 
Consequently, for sufficiently large p 
h&w, = (*I” + o(;), 
where (*)” denotes a nonnegative expression. Now we calculate h,,h,, . 
We have 
h 2)l)il = ((1 - hvZ) th h)+, - t,A’i2 + O(;), 
tv = - ; (S, + rvt) + o(t), 
((1 - h,2) th h)u = - 2h,(l - hv2) th2 h + (1 - h,2)(1 - th2 h)hv + cl($). 
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Hence, 
wb,, = h,‘(l - hv2)( 1 - 3 th2 h) + Of;). 
Since the height of the cap B’ is small, then 
hh,,, = (*)” +og,. 
Returning now to the derivative X, , we have 
h qjv = p(p + 1)d-~-Uu2 - ,.~A-fl-lA.~ 
= 4p(p + l)A-~-2(h,L, + WL)~ 
+ W-‘-‘(h:, + G, + k$,,, + kh,,,). 
Hence, taking into account the expressions for h,h,,, and h,h,,, , we 
conclude that 
&I” = (*)” + o(t). 
Substituting the expressions which have been found for the derivatives 
of X into the basic inequality, we obtain 
-241 + K)r2 + Ar2 + O(Y) 3 0, 
where A is bounded from above by some constant A,, , depending upon 
the curvature of the surface and its derivatives, and O(Y) is of order Y. 
Multiplying this inequality by h2, we obtain 
-2p(k + 1)w2 + Awe + O(w) > 0. 
Let p satisfy, besides the conditions imposed upon it throughout the 
preceding considerations, the inequality 
-2&k + 1) + A, < 1. 
Then, from our inequality one obtains 
-w2 + O(w) > 0. 
From this it follows that w  cannot be arbitrarily large, which proves 
the existence for it of a bound wO . 
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A bound for w is, at the same time, a bound for the normal curvature 
K, since 
K(X) = w(cos i+)r < w. 
1.4. Estimates for the Normal Curvatures at Interior Points of 
the Cap. The establishing of a priori estimates for the normal curva- 
tures in Section 1.3 completes the proof of the existence of an analytic 
cap G’, isometric to the region w’ on the cap w (Section 1.2). Suppose 
that the region w’ increases and tends to w. Then, in view of the mono- 
typy of caps in the class of caps, CZ’ converges to a convex cap 3 congruent 
to w. Without restriction of generality, we may suppose that this cap 
is w itself. 
In order to conclude the analyticity of B, it is sufficient to establish, 
in a neighborhood of any arbitrary point of G, uniform estimates for the 
derivatives, up to fourth order, of the functions z which define the caps B’ 
which converge to 6. Indeed, just as in the case of Euclidean caps 
(Pogorelov [3]), f rom this it follows that the cap B is thrice differentiable. 
Now using the theorem of S. N. Bernstein on the analyticity of the 
solutions of elliptic equations, as applied to the deformation equation, 
this implies the analyticity of G. As in the Euclidean case, the establishing 
of estimates for the third and fourth derivatives, after having found 
estimates for the second derivatives, is obtained from general considera- 
tions which apply to the deformation equation. Thus, the problem 
consists in establishing estimates for the first and second derivatives 
for the functions z which define the caps 3’. The first derivatives are 
estimated in a trivial manner; in order to estimate the second derivatives, 
we shall first estimate the normal curvature. 
Let us move the plane u of the base of the cap w into a position u” 
such that it cuts off from w a cap w” whose edge lies outside of the plane 
u. For G’ sufficiently close to G = w the plane u” cuts off from G’ a cap 
G”, the tangent planes along whose edge form angles with the plane u” 
less than (r/2) - E, E > 0. This property is essential for us. In order 
not to introduce new notation, we will assume that the caps i3’ have this 
property. Thus, suppose that the tangent planes of the caps G’ form 
angles with the base plane u less than (x/2) - E, where Q > 0 and is the 
same for all caps B’ sufficiently close to w. 
The method which we shall use to establish estimates for the normal 
curvature of the cap 6’ in a neighborhood of a point X E w, is quite 
similar to that used in Section 1.3 at the point where we were discussing 
estimates at interior points, having obtained them on the boundary. 
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Preserving the notation and the preparatory considerations of Section 
1.3, we will consider the auxiliary function 
4W4X) 
E(x) = (cos 9 (X))@’ 
where h is the distance from the point X of the cap 8’ to the base plane 
u. This function is nonnegative and vanishes on the edge of the cap 
and, consequently, assumes an absolute maximum at some interior 
point X,, . Introducing a quasigeodesic system of coordinates on the 
surface of the cap in a neighborhood of X0 , as in Section 1.3, we consider 
the function 
It also assumes a maximum at the point X0 . Then, setting 
h = (co& ’ 
we repeat verbatim the considerations of Section 1.3 up to the establish- 
ment of the basic inequality 
- (1 + k) p - Y2 + + 24‘ + + O(G) 3 0. 
Proceeding as in Section 1.3, we successively find expressions for 
h uu 3 h,, , h,, , h,,, , and h,,, , and then 
A,‘, = 2h4-@ + 2h+4a,V + . . .) 
where we have not written down that part of h,, of lower order of 
magnitude relative to Y. 
Let us consider the expression for X, in somewhat more detail. We 
have 
A,, = ($,,, = p + 2h,(- &l-~-u. + h(& 
At the point X,, 
h,, = (1 - hv2) th h - uW2, and 2 = +- (k + 1). 




h -!I! A,, = (*I” + o(+-). 
Au1 x0 
= - huh,, - h,h,, . 
2h,(- /~)A--/~--ld~ = 2/.~A-t4(1 - hu2 - h,2)hn3 th h + Ott] 
= (*)” + op,. 
As regards (1 /d/l),., , it was already shown in Section 1.3 that at the 
point X, 
1 
t-1 A# 0.x 
= (*)” + op,. 
Thus, 
b, = (*I” + o(+). 
Substituting the expressions for h,,,, and h,., into the basic inequality 
and changing from r to w, we obtain 
-24K + 1)w2 + Aw2 + O(w) > 0. 
From this, just as in Section 1.3, we conclude the existence of a bound 
for w: w < wO. 
Now if the neighborhood (of the point 2) under consideration has 
from the base plane u a distance not less than b > 0, then for the normal 
curvatures of the cap in this neighborhood we obtain the estimate 
K < wo(cosw < 3 
, Ii ‘ii 
which was to be proven. 
1.5. Estimate for the Slope of the Tangent Planes to a Cap along 
Its Edge. At one stage of the proof (in the author’s paper [3]) of the 
regularity of convex surfaces with regular metric, the existence of a 
priori estimates was established for the angle of inclination of the 
tangent planes of an analytic convex cap with the base plane, depending 
upon quantities defined only by the intrinsic geometry of the cap. The 
reasoning by which these estimates were obtained is incorrect. We 
intend here to make the appropriate corrections. 
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Let F be an analytic convex surface with positive Gaussian curvature, 
P a fixed point on F, and G, a small convex region on F which contains 
the point P and is bounded by an analytic curve with everywhere positive 
geodesic curvature. Let w be an analytic convex cap which is isometric 
to the region G of the surface F. We assert that if the region G is sufficient- 
ly small, then one can exhibit an upper bound, less than 7r/2, for the 
angle of inclination of the tangent planes of the cap along its edge with 
the base plane (the plane in which the edge of the cap lies), depending 
only upon the line element of the surface F and the geodesic curvature 
of the edge of the cap. 
Let Q be any point on the edge of the cap w, Q’ the point on F corres- 
ponding to Q by the isometry, and y a geodesic on F tangent to G at 
the point Q’. We introduce quasigeodesic coordinates u, v on F, including 
y among the family of geodesics u (let it correspond to v = 0). We set up 
the Darboux equation (the deformation equation) for the line element 
ds2 = du2 + c2 dv2 of F. As is known, it has the form 
r(t + cc,p - : q) - (s - : q)2 - cc,,p2 - + q2 + cc,, = 0, 
where p, q, T, s, and t are the derivatives of the coordinate z with respect 
to u and v. 
By the Cauchy-Kovalevsky theorem there exists a solution Z(U, v) 
of this equation, for which z = u2 and q = 0, if v = 0. If the region G 
is sufficiently small, then the region in which this solution exists ob- 
viously covers G (as the region over which u and v range) independent 
of the choice of the point Q. As is known, this solution can be completed 
by two other analytic functions a(u, v), JJ(u, v) such that the equations 
x = qu, v), y = j(u, 4, z = ,qu,, v) 
will define an analytic surfaceP isometric to F. If the region G is sufficient- 
ly small, then the derivatives (up to any fixed order) of f, 7, and d with 
respect to u and v will be uniformly bounded in the region on the surface 
F, which corresponds by the isometry to G. Since the directions of the 
coordinate lines u, v along v = 0 are conjugate (the coefficient M of the 
second quadratic form of the surface P is proportional to s - (c,/c)q = 0) 
and the coordinate net is orthogonal, the geodesic line v = 0 is a line of 
curvature and, consequently, lies in a plane. 
Let Q be the point, and 7 the geodesic on the surface P corresponding 
by the isometry to the point Q’ and the geodesic y of the surface F. The 
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plane 5, in which the geodesic 7 lies, is a normal plane of the surface P 
at every point of the geodesic. The geodesic curvature of the edge of the 
region 6, which corresponds under the isometry to the region G on F, 
is strongly positive, greater than some l > 0. Hence after turning the 
plane & through a small angle a( z around the tangent to 7 at the point ) 
Q, the region L; will, as previously, be situated on one side of this plane 
and will have a unique projection on it. We may suppose that if the 
region G is sufficiently small, then S(C) does not depend upon the shape 
of this region or the choice of the point Q’ on its boundary, but depends 
only upon the lower limit of the geodesic curvature of the curve which 
bounds the region G. 
We now place the surface 6 in such a position that it is convex in the 
direction z < 0, and that after the indicated rotation of the plane 6 
through the angle 8(c), it coincides with the xy plane, the point Q 
coincides with the origin of coordinates 0, and the tangent to 7 at the 
point Q coincides with the y axis. We place the cap w similarly, namely, 
so that it is convex in the direction .z < 0, so that its base plane moves 
into the xy plane, and the tangent to the edge of the cap moves into the 
xy plane, and the tangent to the edge of the cap moves into the y axis. 
Let f and z be the coordinates z of points on W and w which correspond 
by the isometry after these two surfaces have been thus placed. 
As is known, the function z - f assumes a minimum on the boundary 
of the surfaces (Pogorelov [3]) and, consequently, at the origin of coordi- 
nates, where z - 5 = 0, since at all other points of the boundary z - JZ 
2 0. Hence, differentiating in a direction perpendicular to the edge 
of the surface at the point 0, we find z’ - f’ > 0, or - sin/? + sin 
([7r/2] - 9(c)) > 0. Thus, we obtain for the angle /3 formed by the 
tangent plane to the cap w at the point 0 with the plane of its base (the 
xy plane) the bound p < (77/2) - a(~). 
In conclusion we remark that the reasoning by which this a priori 
estimate for the angle /3 was obtained can be applied also to establish an 
estimate for /3 without the assumption that the region G is small. 
2. Estimation of the Normal Curvature of a Closed Convex Surface 
in a Riemannian Space 
2.1. Statement of the Problem, Formulation of the Theorem, 
and the Method of Approach of the Proof. Let F be a regular closed 
convex surface, homeomorphic to a sphere, with positive extrinsic 
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curvature in a Riemannian space R. The problem which we shall consider 
in this section consists in establishing estimates for the normal curvatures 
of the surface F depending only upon quantities which are defined by 
the metric of the surface F and of the space R. 
This problem was considered by the author (Pogorelov [2]) in con- 
nection with the problem of the isometric imbedding in the large of a 
two-dimensional Riemannian manifold into a three-dimensional one. 
In a certain sense, a complete solution of this problem would require the 
establishing of estimates for the normal curvatures of surfaces under a 
unique condition-the positivity of the extrinsic curvature, i.e., under 
the condition that the Gauss curvature exceeds, at each point of the 
surface, the sectional curvature of the space corresponding to the plane 
element tangent to the surface. We did not succeed in doing this in the 
reference indicated, and estimates for the normal curvatures of a surface 
were obtained under a stronger condition, which was that the Gaussian 
curvature of the surface be everywhere greater than some constant K* 
depending upon the curvature of the space R. There is reason to suppose 
that this additional condition can be dispensed with and is not connected 
with the essence of the problem but rather with the method of proof. 
Here the question of estimates of the normal curvatures of a convex 
surface will be solved in a form which guarantees a complete solution 
of the problem of the isometric imbedding of a two-dimensional Rie- 
mannian manifold into a three-dimensional Riemannian space with 
nonpositive curvature. Namely, we prove the following theorem: 
THEOREM. If the extrinsic curvature of a closed regular convex 
surface, homeomorphic to a sphere, in a complete Riemannian space with 
nonpositive curvature is strictly positive, then the normal curvatures of 
this surface are bounded by some constant which depends only upon the metric 
of the surface and the metric of the space. 
Before proceeding to the proof of this theorem, we make a remark 
as regards its formulation. As is known, in a Euclidean space the proper- 
ties of being closed and having positive extrinsic curvature guarantee 
homeomorphness to a sphere. In Riemannian spaces with nonpositive 
curvature this is, generally speaking, not true. One is easily convinced 
by the following example. 
We choose, in a Lobachevsky space with curvature k, = - 1, a 
straight-line segment A,A, , and construct three planes perpendicular 
to it: u1 and g2 through its endpoints, and u0 through its center. Denote 
by R’ the region of the space included between the planes al and uz. Let 
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us establish a pointwise correspondence between u, and cra, associating 
points which are symmetric with respect to the plane u,, . This corre- 
spondence is obviously isometric. If we now identify corresponding 
points on ur and u2 , then one obtains from R’ a complete Riemannian 
space with constant curvature equal to - 1. The segment A,A, will be 
a closed geodesic in this space; we denote it by y. 
Let F be the locus of all points of R’ whose distance from y equals p. 
Obviously, F is a surface homeomorphic to a torus. In view of the sym- 
metry of our constructions, F admits a transitive group of motions into 
itself and, consequently, has constant Gaussian curvature. Since the 
integral curvature of a surface homeomorphic to a torus equals zero, 
then F has zero Gaussian curvature and, consequently, the extrinsic 
curvature of F is equal to unity, i.e., is greater than zero. 
Thus, the requirement that the surface be homeomorphic to a sphere 
does not follow from the positivity of its extrinsic curvature. This 
requirement is, at the same time, essential, as one can convince himself 
from the example constructed. Indeed, the surface F is analvtic, and its 
extrinsic curvature is equal to unity. However, one cannot obtain any 
estimate for the normal curvature of F which depends only upon the 
metric of the surface and the metric of the space, since for decreasing p 
the surface F remains at all times locally isometric to a Euclidean plane, 
and the maximum of the normal curvature grows as 1 p. 
We proceed to the description of the proof of the theorem. 
Without restriction of generality, we may suppose that the space is 
simply-connected. In the contrary case we pass to the universal covering 
space. As is known, a simply-connected Riemannian space with non- 
positive curvature is homeomorphic to a Euclidean space. Any two of 
its points are connected bv a unique shortest geodesic arc. As in Euclidean 
space, a closed surface with positive extrinsic curvature encloses a 
convex body and, consequently, is a convex surface in the usual sense. 
Let F be a closed convex surface with a regular metric and positive 
extrinsic curvature, for which we have to establish estimates for the 
normal curvatures. 
First of all, we show that one can find a point 0 inside the body 
enclosed by the surface F which is separated from the surface by a 
distance, not less than p0 , depending onlv upon the metric of the surface 
and the metric of the space. 
Indeed, choose any point 0, inside the surface F. Let K,, and k, be the 
minimum and maximum of the extrinsic curvature of F, k, > 0, and d 
be its intrinsic diameter. Let us consider all convex surfaces which 
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enclose the point 0, , with extrinsic curvatures lying between k, and k, 
and diameters not exceeding d. 
If our assertion is not true, then for any n there is a surface F,, among 
these surfaces such that one cannot place a ball of radius l/n inside it. 
From these surfaces F,, one can extract a convergent sequence. The limit 
surface F,, is clearly degenerate and is either a convex region on some 
totally geodesic surface, or a segment of a geodesic, or a point. In the first 
case, there is a point on F,, with zero extrinsic curvature, but this is 
impossible, as the extrinsic curvature of the surfaces F,, are bounded 
from below by a positive number K,. In the second case, for sufficiently 
large n, one can find on the surface F, points close to the ends of the 
geodesic segment F, with arbitrarily large extrinsic curvature, which is 
impossible. The same is true as regards the case where F,, degenerates 
to a point. Thus, in all cases we arrive at a contradiction, which proves 
the assertion. 
We now introduce in the space R a polar geodesic system of coordinates 
with center at the point 0, and define on the surface a function C(X) 
according to 
i?(X) = 4X) 
(cos T Gw ’ 
where c(X) is the maximum normal curvature of the surface at the point 
X, q(X) is the angle formed by the geodesic ray from 0 through X and 
the exterior normal to the surface, and p is some positive constant. 
Let us show that F < (7ri’2) - E, where l is a positive constant de- 
pending only upon p1 and p. , the maximum and minimum distances 
from points on the surface to the pole 0, and the metric of the space. 
Indeed, let X be any point,of F. We connect X to the points of the ball 
with center at 0 and radius p,, by the shortest paths. These shortest 
paths extend inside the surface F and fill up some solid cone with apex 
at X. Every geodesic, starting from X and forming an angle less than 
some a with the geodesic X0 belongs to the cone and, consequently, to 
the body which is enclosed by F. For the angle cx one can exhibit a 
lower estimate depending upon the distance OX, the radius p,, and 
quantities defined by the metric of the space. Obviously q < (7712) - OL, 
which proves the assertion. 
Since cos p 3 sin a > 0, the function W(X) assumes an absolute 
maximum at some point X,, of the surface F. For suitable choice of the 
constant p there will be established for the quantity W(X,) an estimate 
w,, depending upon quantities defined by the metric of the space and 
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of the surface. By establishing these estimates we obtain estimates for 
the normal curvatures K at any point X of the surface in any direction 
2.2. Derivation of the Basic Inequality. In the author’s work [2] 
there was obtained a system of equations, which are satisfied by the 
spatial coordinates vi of the points of a surface with given line element 
dS2 as functions of the coordinates ui on the surface (an analogue of the 
Darboux equation). We will use these equations extensively in this 
paragraph. In view of this we recall certain concepts and notation. 
Let R be a Riemannian space in which is introduced a system of 
coordinates vi . We consider a surface F in R with a coordinate net ul, 
ZS on it. The spatial coordinates vi of a point on the surface are certain 
functions of the coordinates ui on the surface 
TIE = vi(d, UZ), i= 1,2,3 
Let ei be vectors of the coordinate frame at the point x in the space. 
Then, 
~,=!k=e.!% 
W 2 auk . 
(We are using the tensor notation, so that repeated indices are assumed 
to be summed.) 
Denote by e, * the vectors at the point x in the space, which are con- 
nected with the vectors ei by the relations 
ei*ek = Sik, 
where 6, is the Kronecker symbol. 
We put 
where l-‘$ are the Christoffel symbols for the space, and pi are the 
Christoffel symbols for the surface. If we now denote by Xij (i, j = 1, 2) 
the coefficients of the second quadratic form of the surface, the following 
formulas are obtained: 
vfi + Afj = Xij(nek*), i,j = 1, 2 
where n is the unit vector normal to the surface. 
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For the scalar product (n+*) one has the formula 
where g” and g are the discriminants of the quadratic forms dg2 and ds2, 
the line elements of the surface and the space; and the indices i, j are 
different and do not equal K. 
Finally, we denote by ki the Gauss curvature of the surface; by K, 
the sectional curvature of the space corresponding to the plane element 
tangent to the surface; and by k = ki - k, the extrinsic curvature of the 
surface. 
Now we can write down a system of equations which are satisfied by 
the spatial coordinates vi of points on the surface as functions of the 
intrinsic coordinates u1 and u2 on the surface. This system is: 
(& + A:,)(& + A;,) - (v,“? + LQ2 = kg(ne,*)“. 
In outlining the proof in Section 2.1, we introduced the auxiliary 
function 
ii(X) = v4 
(cos cp (X))J’ . 
In the ensuing considerations, in order to shorten the calculations, we set 
20 = UK. 
Let X, be the point of the surface F at which C assumes a maximum. 
We will introduce on F, in a neighborhood of this point, a quasigeodesic 
parametrization ul, u2. To do this, we construct a geodesic y in the direc- 
tion of the minimal normal curvature at the point X,, and choose it for 
the line ~1 = 0. For the lines u2 = constant we take geodesics perpen- 
dicular to y, and for the lines u1 = constant we take their orthogonal 
trajectories. As parameters ~1 and u2 we take length along the coordinate 
lines passing through the point X,,. For such a parametrization of the 
surface, its line element will be 
dS” = (du’)2 + c2(du2)2. 
At the point X,, we have c = 1, c, = c,. = 0, c,,, = c,, = 0, c,,, = --k. 
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All the Christoffel symbols rFj corresponding to this parametrization of 
the surface vanish at the point X0 . 
Let us denote by K(X) the normal curvature of the surface at the point 
X in the direction of the coordinate line u1 and introduce the function 
w = KG. Since K(X) < c(X), and the equality holds at X0, the function 
w likewise assumes a maximum at X,,. Therefore, in order to estimate 
G(X), it is sufficient to estimate w(X,). 
We introduce, in a neighborhood of the point X0, a spatial quasi- 
geodesic parametrization vi in the following way. For the surface vu3 = 0 
we take a totally geodesic surface @, which is tangent to the surface F 
at X,,. On @ we introduce a quasigeodesic parametrization oi, v2 based 
upon two geodesics issuing from X0 in the principal directions of F. 
As the coordinate v3 of a point in space close to X,, we take the distance, 
with a sign affixed, from the point to the surface @, and for its vl, v2 
coordinates we take the coordinates of the foot of the geodesic perpen- 
dicular from the point onto the surface @. If we use the formulas for the 
Christoffel symbols in the case of such a parametrization (Pogorelov 
[2, $2]), we conclude easily that all the Christoffel symbols vanish at X0. 
In the case of the spatial parametrization which we have introduced, 
e3 is a unit vector and coincides with e3*. Therefore, ne3* is the cosine 
of the angle formed by the surface F with the coordinate surface v3 
=I7 constant. From this it follows that ne3* is the ratio of the discrimi- 
nants of two forms: &? -. (dv3)2 and d.P, i.e., 
(ne3*)2 = 1 - (-$)’ - f ($-)‘. 
In order to have a certain analogy with the calculations carried out in 
Section 1 for caps in a Lobachevsky space, we set 
A:, = a, 42 = B, A;, = Y,  -ki(ne3*)2 = 6. 
We will denote the first and second derivatives of the function v3(u1, u2) 
by p, q, Y,  s, and t. Then, the deformation equation for k = 3 assumes 
a form similar to the Darboux equation (Section 1). Namely, 
(y + a)@ + y) - (J + 8)” + 8 = 0. c*> 
As was indicated previously, the Christoffel symbols for the surface 
and the space vanish at the point X, . From this it follows that at the 
point X0 
OL = 0, B = 0, y = 0, 6 = -k, 
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and at X0 Eq. (*) assumes the form 
rt - s2 = k. 
The coefficients of the second quadratic form of the surface have the 
following values at X0: 
A1 = r, Al, = s, A,, = t. 
Since the coordinate lines on the surface are conjugate at X,, , then 
h,, = 0. Therefore, at X0 
s = 0, t+ol, 
( 1 r 
Differentiating Eq. (*) with respect to ul, we obtain at X0 
Hence, 
(rl + 4t + (tl + yl)r + 6, = 0. 
4 + y1 = - al + (5 + 4t r 
Since the Christoffel symbols for the surface and the space vanish at 
X,, , then the derivatives 0~~ , /3r , and y1 are of order O(l), and 6, = k, . 
Therefore, 
h+yl= -+t(*1+4+0(+). 
We now differentiate Eq. (*) twice with respect to u1 at the point X0, 
and obtain 
(r11 + 4(t + Y) + h + ydr + 4 + 2(rl + c#l + n) 
- 2(s + kwll + Bll) - q, + A)” + 811 = 0. 
Noting that t II = rz2 , $11 = r12 , s = 0, Q = fi = y = 0, and substitut- 
ing the expression for t, + y1 , we have 
@II + 4t + (r22 + yz2)r 
- WI + 4(+ (rl + 4 + O(t)) - 2(r2 + A)” + a,, = 0. 
As was indicated above, the first derivatives of OL, /?, and y at the point 
X0 are of order 0( 1) because of the vanishing of the Christoffel symbols. 
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For the same reason, the second derivatives of a, /3, and y are of order 
not greater than O(T). Indeed, these derivatives contain the derivatives 
Z)~j linearly, and the Vz are of the order of hij , i.e., not greater than 
O(Y). Taking this into account, we can give our equation the following 
form: 
CT11 + %lP t CT22 + a2211 
- 2(r, + al) + - w, + lx,)2 + 0 + + O(Y,) + O(Y2) = 0. 
( 1 
Let us introduce into this equation the auxiliary function 
W = UK. 
Since K = h,, , and 
then, 
Y  + OL = h,,(ne,*), (ne3*) = (1 - p2 - f,‘:‘. 
y + (y = w 4’12 
u ’ 
The function w assumes a maximum at X0 . Therefore, wi = 0, 
w2 = 0. From this it follows that at the point X, 
(y + 41 = w ($,, , (y + 4 = w($ 
(7 + 411 = F + w(p),, + f)! (Y + 4 = T + w(p),, + $j . 
Substituting these expressions for the derivatives of (Y + a) into the 
equation obtained above, we have 





a 11 i ) u 22 
- +j: + - 2w2gj: + 0(-y (r,,j + o(w(;j,, + O(Y2) = 0. 
After grouping .the terms appropriately and replacing w by UY, this 
equation can be rewritten as 
; (Wld + W22Y) - * - 2 + o(5 ($,,j + o(c+,,, + O(Y2) = 0. 
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Since w assumes a maximum at X,, , then at this point wilt + wssr < 0. 
From this one obtains the inequality 
ko 
- -2L - f?E + o(5 (b),) + o(+),r + O(9) > 0. cl u 
Further on this will be called the basic inequality. 
2.3. Calculation of the Derivatives of the Function a. Let us in- 
troduce, in a neighborhood of X0 , a polar geodesic system of coordinates 
with pole 0. To do this, we pass through the point X0 a sphere S, with 
center at 0, and on this sphere, in a neighborhood of X0, we introduce 
a quasigeodesic parametrization r9 , v2 based upon two geodesics, whose 
directions at the point X,, are the principle directions of the surface 
s,. Now as coordinates of an arbitrary point X close to X,, we take the 
distance v3 to the point 0 and the coordinates vl, v2 of the point of 
intersection of the geodesic ray OX with the surface S, . Since we will 
be using two spatial coordinate systems, then every quantity connected 
with the system of coordinates introduced earlier (in Section 2.2) will 
be marked with a bar. In certain cases the coordinate v3 in the polar 
system will be denoted by h. 
Since the coefficients of the second quadratic form for the given 
parametrization ul, U* of the surface remain unchanged, up to change of 
sign, in passing from one spatial parametrization to the other, then we 
have 
(**) 
The minus sign in the right-hand side of the equation is explained by 
the choice of directions v3 > 0 and e3 > 0 in our coordinate systems. 




where A = (1 - h,2 - s,. 
We note that in the polar geodesic coordinate system 
We have 
h,* co9 T = 1 - h,* - - . 
c2 
1 
( ) - fJ 1 = -2pArc-l(h,h,, + h,h,,). 
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From Eq. (**) for K = 3 one obtains 
h,, = O(y), h,, = O(l), h22 = O(l) 
Therefore, 
Similarly, 





-2p(4&, + h&,2) = O(1). 
Let us now turn to the second derivatives uI1 and us2 . We start with 
011 : 
As was shown above, h,, is of order O(Y), and h,, is of order O(1). Let 
us find the principal part, relative to Y, of h,, . To do this, we go back 
to Eq. (**) for k = 3, i = j = 1. At the point X0 we have 




h,, = - A’i2r + O(1). 
A, = 2h,A’/2~ + O(1). 
Let us now calculate d,, at the point X0. We have 
A,, = -2(h:, + h;z + VI,, + h,h,,) + o(1). 
We find the derivative h,,, by differentiating Eq. (**) for i = j = 1, 
k = 3. Note that 
A& = O(l), nd,* = O(l), (A:,), = O(y), 
(ne3*)1 = - A-1/2(h,h,, $- h2h12) = h,~ + O(1). 
Therefore, 
h,,, = - h,r2 - A’/~Y~ + O(Y). 
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But, 
I1 = w  + 1 + O(l), ( 1 
Hence, 
( -1 
0 1 = - 2pAfl-‘(h,h,, + h&,) = 2pA~-‘wz,y $- O(1). 1 
Yl = 2/.&A-‘l”h1y2 + O(Y). 
Consequently, 
h,,, = - (1 + 2#4hr’” + O(Y). 
. . 
We find the derrvatrve h,,, y b differentiating Eq. (**) for i = j = 2, 
k = 3, with respect to ul, obtaining 
h,,, = - A’&, + O(Y). 
But, 
t, = -k 3 + O(1) (cf. Section 2.2). 
Therefore, 
A221 = O(l)* 
Substituting the values of the derivatives of h into the expression for 
A r1 , we obtain 
A,, = -2Ar2 + 2(2p + l)h12y2 + O(Y). 
By means of A, and A,, we find, finally, uI1 : 
ul, = 2pA-“~2 + 2A-~-‘h12r2 + O(Y). 
As concerns the second term in the right-hand side of this equation, 
it is essential only to note that it is nonnegative. Now urr can be represent- 
ed in the following form: 
u11 = 2pA-~Y2 + (*)” + O(Y). 
Let us turn now to the derivative ua2. We have 
u22 = &L + I)A-~-2A22 - pA-~‘-ld~~, 
4 = - W,h,, + h,h,,). 
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From Eq. (**) we obtain, at the point X0 
The Christoffel symbols r& at X,, have the following values (Pogorelov 
[29 921): 
Iyj = 0 for ifj, r;1 = a,,, C2 = az2, rz3 = 0, 
where a,, and us2 are the principal curvatures of the spherical surface 
v3 = constant at X,, . Thus, 
42 = a,,~,‘~,’ + a,,~lQ,~, 42 = 4~29~ + 4~2~)~. 
Let url be the smaller of the principal curvatures. Then, since 
(~2’)” + (74”)” + h2 = 1, 
42 = ad - hz2) + (a22 - ald(~2~)~ 
Consequently, 
A;, > allA. 
Setting, for brevity, A& = a, A& = b, we can write 
A, = --(ah, + bh,), 
where a is bounded from below, if a,, does not vanish. Note that a and 
b do not depend upon p. 
We now calculate A,, , We have 
Hence, 
A22 = -2<h:2 + hi2 + h,hzn + b&m). 
“22 = -W&l + Wd - (*I’. 
We find the third derivatives of h with the help of Eq. (* *). At the point 
x0 
h,,, = -(A;,), - tld1/2 - @P/2)1. 
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Since (A&)r contains only those second derivatives of the & of the 
form 2~:~ , and these are of order O(l), then 
ml = O(1) 
and the estimate is independent of p. The expression 
t(A’i2), = O(l), 
and again the estimate is independent of CL. Let us consider t,Al/2. We 
have 
Hence, 
t, = - 5 + O(l), Yl = 2/.&‘/2h,Y2 + O(Y). 
tp2 = - 2/J&, + O(1). 
Adding the expressions which have been found for the separate terms 
in h,,, , we obtain 
h,,, = 2P4 + O(l), 
where 0( 1) is independent of CL. 
Similarly we find the third derivative h,,, . Omitting the calculations, 
we present the result 
h222 = O(1) + PO(;)* 
and 0( 1) is independent of p. 
We can now write A,, in the form 
A,, = -(*>” - 4/J&,2 + Ah, + Bh, + o(t), 
where A and B have estimates which are independent of p. 
Finally, let us form the expression for 022 : 
uz2 = &L + l)d-~-~d,~ - /LA’-‘A~~. 
Substituting here the values of A, and A,, , we obtain 
u22 = $ g (ah, + bh,)” + T  + /A’h, + /ah, + (*)” + qg. 
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2.4. Conclusion of the Proof of the Theorem. In Section 2.2 we 
obtained the following inequality at the point -X0 of the surface F, where 
the function w assumes a maximum 
ken --- 
0 
cf.2 - o(+ ( $il) - o(uY(+)q) - O(Y2) 3 0. 
u 
Substituting here the values of the derivatives of u, found in Section 
2.3 above, we have 
A-,,1-2ZIlkr2-~~~~Z~bhl)P--- 4’4 + @h,[ i Cr2 t (*) > 0, 
where C is a certain bounded expression not depending upon t.~, and (*) 
is an expression having, with respect to I, order of growth less than r2. 
Dividing this inequality by Ap and introducing, in place of T, w = r-d-p, 
we obtain 
- q&2 _ tk?g ((4 + bhJ2 f  kdh12) 
+ pw2(A’hl + B’h,) + CArw2 + (*) > 0, 
where the unwritten terms have order, with respect to w, less than w2. 
In Section 2.3 it was shown that the quantity / a 1 can be bounded 
from below by a positive number. This is equivalent to having a positive 
lower bound for the normal curvature of the spherical surface S, 
(v3 = h = constant), passing through the point X0 . By the construction 
of the coordinate lines T?, v2 on S, , their directions at X0 are along the 
principal directions. For definiteness, let the minimal normal curvature 
of S, at X0 correspond to the direction ~9. Since the line z+ passing 
through the point X0 is a geodesic on the surface of the sphere S, , 
then the normal curvature a,, which interests us will be the geodesic 
curvature of the line u3 = constant on the coordinate surface ~2 = 
constant passing through X,, . The line element of this surface is 
ds2 = (dv3)2 + c2 (dv’)2. 
Since the surface v2 = constant is made up of geodesics in the space 
R, then its extrinsic curvature is nonpositive and, consequently, its 
Gaussian curvature is also nonpositive. For brevity we set v3 = U, 
v1 = v. Then 
ds2 = du2 + f2 dv2. 
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The Gaussian curvature is 
&--+. 
Hence, since i < 0, 
The geodesic curvature of the curve u = constant is calculated by the 
formula 
kg=+. 
Thus, a positive lower bound for the normal curvature 1 a,, i is found 
to rest upon obtaining such a bound for / E,, /. But E,, = 1 at the point 
u = 0, and since E,,,, > 0, then Z,, 3 1 for all U. Thus, 
The existence of a positive lower bound for the quantity ’ a,, 1, and, 
consequently, for the expression a ,, is now rather obvious. 
Suppose now that the positive constants a, ,6, , c0 satisfy the conditions 
ao< Ial, I b I < h, kA >, co. 
Let us consider the quadratic form 
w = (ah, + bh,)* A kAh,* 






- - b,<, > -+- . 
2 
Obviously, for h, < f0 
and for h, > co 
w > $ + (*)“, 
w >, coca* + (*)“. 
Denote by w,, the smaller of the numbers c,,ca2 and u,/g . Then, in any 
case w > w0 > 0 and, consequently, if h,* + h,* > go2 , then 
(ah, + bh,)* + kAh,* > ~~~~~~ 
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The conditions by which the number Q is defined bound it only from 
above. Namely, 
< min 
1 1 2, 1 co 
co/ -- f 6 b. . 
Defining the constants K, and D by the inequalities 
O<k,<k,. IA’] <D, I B’ I < D, 
we require of co that it satisfy the condition 
2roD < k,, 




Then, for h12 + hz2 < co2 
-k + A’h, + B’h, < 0. 




First of all, we choose p sufficiently large so that for h12 + h,2 > l o we 
will have 
_ !$ cah2 + b/z,)2 - 9 + @‘h, + pB’h, < 0. 
This condition is fulfilled if 
-P~~O”W~ + 2pDeo < 0, 




We require, finally, that t.~ be so large that 
pkO > C + 1. 
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Now we assert that our inequality (***) can be given the following 
form: 
-w2 + (*) 3 0, 
where (*) denotes an expression having order of growth, with respect 
to w, less than w2. Indeed, at the point X,, of the surface F, where w 
assumes its maximum, one of the following conditions is fulfilled: 
either hi2 + hr2 > E,,~, or h,2 + h,r < •,,~, In the first case 
-4 2w2 
LF 
{(ah, + bk,)” + kAk,2} + /LW2(A’kl + B’h,) < 0, 
-pkw2 + CArw2 < - w2, 
and, consequently, - w2 + (*) 3 0. In the second case 
--4x {(uk, + bk,)2 + kAk,2} < 0, o”? 
-,ukw2 + pw2(A’kl + B’k,) < 0, 
-pkw2 + CArw2 < - w2, 
and, consequently, once again - w2 + (*) > 0. 
From the inequality -w2 + (*) 3 0, since (*) is of order less than 
w2, it follows that w cannot be arbitrarily large, and, therefore, there 
exists an upper bound for it. Establishing a bound for w furnishes a 
bound also for the normal curvatures of the surface, since 
K < w. 
In conclusion we remark that the proof which has been presented 
for the theorem on the establishing of estimates for the normal curvatives 
of the surface F also goes through without change for the case in which 
the condition that the space R be complete is replaced by the require- 
ment that the surface F enclose a region which is homeomorphic to a 
ball. 
3. The Isometric lmbedding in the Large of a Two-Dimensional 
Riemannian Manifold into a Three-Dimensional One 
Let R be a three-dimension;1 Riemannian space and M a two-dimen- 
sional Riemannian manifold, l-omeomorphic to a sphere. The problem 
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which we shall consider in this section consists in the construction of a 
regular surface F, isometric to M, in the Riemannian space R. This 
problem was already considered in the author’s work [2]. The basic 
result obtained there is summed up in the following theorem. 
THEOREM. Let R be a three-dimensional Riemannian space with 
regular metric, and G a compact region in R, containing a ball of radius d 
with center at a point 0 E G. Let M be a two-dimensional closed manifold, 
homeomorphic to a sphere and having a regular metric, intrinsic diameter 
d, and Gaussian curvature everywhEre greater than k*: 
k* = m;x mp”x (K,, 3(k, - K,)), 
where k, and k, are, respectively, the largest and smallest of the sectional 
curvatures of the space R corresponding to all plane elements passing 
through the point P. 
Then the mumfold M can be isometrically imbedded into R in the form 
of a regular surface F, satisfying the following conditions: a given point 0, 
on the surface F coincides with a given point 0 of the space, a pencil of 
directions OCR through 0, on F coincides with a given pencil of directions OL, 
isometric to olF, through 0, and a given direction of rotation of the pencil cy 
forms a right hand screw relative to the direction of the interior normal 
to F at 0. 
If the metrics of the space R and the manifold M are k times dsgerentiable 
(k >, 6), then the surface F is at least k - 2 times differentiable. If the 
metrics of the space R and the manifold M are analytic, then the surface 
F is analytic. 
The requirement, contained in the conditions of the theorem, that 
the Gaussian curvature of the manifold M be greater than k*, cannot 
be looked upon as essential. Indeed, if we choose for R a Lobachevsky 
space, then k* = 0, and the theorem then guarantees the possibility of 
isometrically imbedding M in R only under the condition of the positivity 
of the Gaussian curvature. At the same time, as follows from the im- 
bedding theorem of A.D. Alexandrov in the case of a Lobachevsky 
space and the theorem on the regularity of a convex surface with regular 
metric of Section 1, it is, in the present case, sufficient for the regular 
imbeddability of M in R, that the Gaussian curvature of M be greater 
than the curvature of the space. 
In the cited work of the author, the condition of the theorem which 
involved the constant k* was necessitated by the fact that only with this 
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condition were we able to establish an intrinsic estimate for the normal 
curvatures of the surface F, and this comprised one of the basic stages 
of the proof. At the present time the conditions for the proof of the 
theorem on the imbedding of M in R would be substantially changed, 
at least for the case where R has nonpositive curvature. Namely, as was 
shown in Section 2, a priori estimates for the normal curvatures of the 
surface F in the case of a space R having nonpositive curvature are guaran- 
teed by the condition that the Gauss curvature of F exceed, at each point 
of F, the sectional curvature of the space R corresponding to the plane 
element tangent to F. The possibility of establishing a priori estimates 
for the normal curvatures of a surface under these conditions permits 
us to give the theorem on the imbedding of M into R the following form. 
THEOREM 1. Let R be a complete three-dimensional Riemannian 
space with regular (k times dtferentiable, k > 6) metric and sectional 
curvatures, corresponding to all plane elements, less than k, < 0; let M 
be a two-dimensional closed manifold, homeomorphic to a sphere, also with 
regular (k times dzzerentiable) metric and Gaussian curvature everywhere 
greater than k, . 
Then the manifold M can be isometrically imbedded in R in the form 
qf a regular (at least k - 2 times differentiable) surface F, and the following 
conditions can be fulfilled in addition: 
(1) a given point 0, of the surface F shall coincide with a given point 
0, qf the space; 
(2) a pencil of directions c+ at 0, shall coincide with a given pencil of 
directions, (Ye at 0, , isometric to 0~~; 
(3) a given direction of rotation of the pencil oiR with the inner normal 
of F at 0, shall form a right-hand screw. 
The proof of the theorem concerning the imbedding of M in R which 
was presented in Pogorelov [2] consists of three parts. 
First of all, there is proven the existence of a continuous family of 
manifolds M, , containing the given manifold M and a manifold M, 
which is known to be imbeddable. 
Second, it is proven that if the manifold M, is imbeddable, then those 
manifolds in the family which are close to it are likewise imbeddable. 
Finally, it is proven that if every manifold M,” is imbeddable (the 
M,” are in the family) and t, -+ t*, then the manifold M,. is imbeddable. 
As concerns the proofs of the assertions contained in these three 
steps, we remark the following. The proof given in Pogorelov [2] of the 
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assertion that a manifold M, which is close to an imbeddable manifold 
is itself imbeddable essentially rests only upon the assumption that 
the Gauss curvature of the manifold M, is greater than the curvature 
of the space. Therefore, if we are able to construct a family of manifolds 
M, in such a way that their Gaussian curvatures are greater than k,, 
we may consider the assertion of part 2 as proven. 
The proof of the assertion contained in the third step, concerning the 
imbeddability of M,. , essentially rests only on the possibility of 
establishing a priori estimates for the normal curvatures of the surfaces 
F,” isometric to the manifolds M,” . According to the theorem of Section 
2, we can guarantee such estimates under the condition that the Gaussian 
curvatures of the surfaces Ffn be greater than the curvature of the space. 
Thus, the assertion of the third step may be considered proven, if a 
family of manifolds M, is constructed in the manner indicated above. 
Thus, in order to prove our theorem, it is sufficient to construct a 
continuous family of manifolds M, with Gaussian curvatures greater 
than k, , containing the manifold M and a manifold MO which is known 
to be imbeddable in R. Let us construct such a family. 
We construct from the point 0, in R a quasigeodesic, perpendicular 
to the surface of the pencil aR , in such a way that the direction of rotation 
of the pencil and the direction of the quasigeodesic at 0, form a right- 
hand screw. Take a point S on the quasigeodesic, close to 0,) and 
describe a spherical surface w with radius SO, about the point S. This 
surface is regular (at least k times differentiable) and convex. Consequent- 
ly, at each point of w its Gauss curvature exceeds the sectional curvature 
of the space corresponding to the plane element tangent to w, in particu- 
lar, is greater than k,. We denote by LY, the pencil of directions on w 
which coincides with aR . 
We now choose a Lobachevsky space with curvature k, and construct 
in it convex regular surfacesP and W, isometric to M and U, respectively. * 
The possibility of such a construction is guaranteed by an appropriate 
theorem of A. D. Alexandrov and the theorem on the regularity of a 
convex surface with regular metric in a Lobachevsky space (Section 1). 
Without restriction of generality, we may suppose that the pencils a 
of F and W coincide and that the surfaces themselves lie on one side of the 
surface of these bundles. In the contrary case, one of the surfaces could 
be reflected about the plane of the pencil. 
We map the Lobachevsky space, in which the surfaces P and w were 
* In the case k, = 0 we choose a Euclidean space. 
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constructed, geodesically onto the interior of a Euclidean ball (the Cay- 
ley-Klein interpretation of a Lobachevsky space). Then to the surfaces 
P and 6 there will correspond closed convex surfaces in Euclidean space 
inside the ball with a common point 0 and a common tangent plane 
at this point. We will denote these surfaces by p and C, respectively. 
Let HF and H,,, be the supporting functions of the surfaces E and 6. 
We construct a family of convex surfaces fl, , defined by the supporting 
functions 
H, = tH, + (1 - r)H,, O<t<1. 
This family contains the surfacep, which corresponds to t = I, and the 
surface 8, which corresponds to t = 0. 
Let us choose, on the interior normal to E and 6 at the point 0, 
a point Q which 1’ res inside both of these surfaces and, consequently, 
inside all of the P, . We now define a family of metrics M, . All of these 
metrics will be defined on the surface P. Thus, let X and Y be two ar- 
bitrary points on E. Let us define the distance between them, in the 
metric M, . To do this, we project X and Y onto P, , obtaining points 
which we denote by X, and Y, . We take for the distance between 
X and Y in the metric M, the distance between the points X, and Y, 
on E, in the Lobachevsky metric. 
Since r;‘, is strongly convex for any t, 0 < t < 1, then the Gaussian 
curvature of the manifold with metric M, is greater than the curvature 
of the Lobachevsky space, i.e., greater than K, . Thus, we have construct- 
ed a continuous family of manifolds M, , containing the manifold M 
and a manifold M,, (isometric to U) which is known to be imbeddable, 
and the Gauss curvature of every one of the M, is everywhere greater 
than k, . This proves Theorem 1. 
Besides the imbedding theorem, there was proven in Pogorelov [2] 
a monotypy theorem and a theorem on continuous deformations of a 
closed surface. Both of these theorems also contained the condition 
that the Gauss curvature of the surface be greater than K*. Now, thanks 
to the theorem on estimates for the normal curvatures (Section 2), 
both of these theorems can, for the case of a space with nonpositive 
curvature, be strengthened and formulated in the following way. 
THEOREM 2. The isometric imbedding of the manifold M in the 
space R, whose existence is established by Theorem 1, is unique. 
THEOREM 3. Suppose that in a complete Riemannian space, whose 
curvature is nowhere greater than k, < 0, we have two isometric, closed, 
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regular surfaces F, and F, , homeomorphic to a sphere, with Gaussian 
curvature everywhere greater than k, . Then there exists a continuous 
deformation of F, into FI . 
The deformation figuring in Theorem 3 can in particular cases be 
trivial, in the sense that it is not accompanied by a change in the spatial 
distances between the points of the surface. This is the case, for example, 
in spaces of constant curvature. 
THEOREM 4. Let R be a three-dimensional Riemannian space of 
nonpositive curvature, and M a two-dimensional Riemannian manifold. 
Let X be an arbitrary point of R, and Y an arbitrary point of M. Then, 
if the Gaussian curvature of M at the point Y is greater than the maximal 
curvature of the space R at the point X, there exists an isometric imbedding 
of a neighborhood of the point Y of the manifold M into a neighborhood 
of the point X of the space A. The conditions for, and the character of the 
regularity of the imbedding are the same as in Theorem I. 
In conclusion we remark that Theorems 1, 2; and 3 could also have 
been formulated for an incomplete Riemannian space, as was done 
in Pogorelov [2]. 
4. Isometric Transformations of a Punctured Surface in 
Euclidean Space 
4.1. Statement of the Problem and Formulation of the Theorem. 
Let F be a closed regular convex surface in Euclidean space. We will 
call the surface F’, obtained by deleting a finite number of points P, , 
. ..) P,: from F, punctured at these points. In this section we consider the 
question of the existence of nontrivial isometric transformations of 
a punctured surface. 
Let F be a closed regular convex surface, with positive curvature, 
punctured at one point S. We will show that such a surface does not 
admit any isometric transformations besides trivial ones. Indeed, let 
F, be a regular surface isometric to F. We construct the convex hull P, 
of F, . Two cases can arise-either the point S, corresponding to S 
belongs to F, or it lies inside Fi . First let us consider the second case. 
Since S, lies inside P, , the surface Pi is a smooth and convex. Every 
point of strict convexity of pi is a point of F, . Since the integral 
curvature of the surface Pi , which equals 4r, is concentrated on the 
points of strict convexity, then every point of F, must belong to F, . 
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At the same time, points sufficiently close to S, lie inside Pi . We arrive 
at a contradiction. 
Let us consider the first case. The point S, lies on the convex hull F; . 
Let us assume that the curvature of Pi at S, equals zero. Then, proceed- 
ing as before, we arrive at the conclusion that the entire surface F, lies 
on F1 and is, consequently, a convex surface. Therefore, if we complete 
the surfaces F and F, by the points S and S, , respectively, we obtain 
two closed isometric convex surfaces which, as is well known, are con- 
gruent. Consequently, the surfaces F and Fl are congruent. 
Suppose now that the curvature of the convex surface J’l at the point 
S, is different from zero, and thus S, is a conical point of F1 . We construct 
at S, a supporting plane a0 to pi in such a way that S, is the only com- 
mon point of (Y,, and Pi . It is possible to construct such a plane, because 
S, is a conical point. 
We now choose any plane a, parallel to (Y,, , which intersects F, . 
Let G be the set of those points of F which correspond by the isometry 
to those points of Fl which lie in that half-space, defined by the plane (Y, 
which does not contain the point S, . Let G’ be a connected component 
of G, and G,’ the corresponding region on F, . The region G,’ is a convex 
surface whose edge lies in the plane OL (Pogorelov [l]). 
Now let the plane a approach the plane 01~. Then the surface G,’ goes 
over into a closed surface, punctured at the point S, . Indeed, since S, 
is the only common point of the surface pi and the plane a,, , then the 
edge of Gi’, which edge lies in the plane 01, contracts to the point S, 
as (Y --t 01~ . From this it follows that as 01+ (Y,, , the region G’ extends 
onto the entire surface F, and F, is a closed convex surface, punctured at 
the point S, . Following this we conclude, as in the earlier considertions, 
that F and F, are congruent. 
Thus, a closed convex surface, punctured at one point, does not admit 
any isometric. transformations besides trivial ones. 
The situation is otherwise when the surface is punctured in two points. 
Let us consider, for example, a sphere, punctured at two diametrically 
opposite points S and S’. We divide the sphere into n equivalent lunes 
by means of meridian lines mk which connect the poles S and S’. We 
form a closed surface from each of the lunes by gluing together its sides. 
As a result we obtain spindle-shaped surfaces of rotation with constant 
curvature. We superimpose all these surfaces so that the lines where 
they were glued coincide, and then open up the glued lines. Now we 
glue together the lunes in the same order as they appeared on the surface 
of the sphere, and remove their vertices. There results a surface which 
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is isometric to the sphere punctured at the points S and S’. Since the 
number tl which figures in the construction is arbitrary, there exists 
at least a countable set of surfaces which are nontrivially isometric to a 
sphere, punctured at two points. 
One can similarly construct nontrivially isometric surfaces for any 
closed surface of revolution which is punctured at the poles. 
The following question naturally presents itself. Let F be an arbitrary 
closed convex surface, punctured at two arbitrary points. We ask, does 
it admit any nontrivial isometric transformations ? An affirmative answer 
to this question is given by the following theorem, 
THEOREM. Ewery regular closed convex surface with positive 
curvature, punctured at any two points, admits at least a countable set of 
nontrivial isometric transformations in the class of regular surfaces. 
4.2. A Special Riemannian Space of Nonpositive Curvature. We 
introduce the polar coordinates p, 6 on the plane and construct a function 
q(p), satisfying the following conditions: 
1. The function v(p) is sufficiently regular. 
2. For p >, z > 0, F(P) = 0. 
3. For p < 6, v(p) < 0. 
Obviously, such a function can be constructed without difficulty, 
Let us now consider the differential equation 
g” + ~(Pk = 09 
where a is a positive parameter. We denote by g(p, a) the solution of this 
equation which, for p = 0, satisfies the conditions 
g(0, a) = 0, g’(0, a) = 1, 
Obviously, g(p, a) is nonnegative, vanishes only for p = 0, and is a 
linear function for p >, l . 
We define, in the plane with the polar coordinates p, 6, a metric by 
means of the line element 
ds2 = dp2 + g2 da2. 
The Riemannian manifold thereby obtained has Gaussian curvature 
R=--=q<O. g 
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The integral curvature of the manifold is 
W= si cspg dpdir = - ss g” dp di? = - Zn(g’(e, a) - 1). 
For a = 0, g’(4, a) = 1 and, consequently, w = 0. For sufficiently large 
OL, obviously, g’( c, a) will be arbitrarily large, as will therefore w, in 
absolute value. We choose OL so that 
w = -27r(n - l), 
where tt is a positive integer. 
We now define a metric in Euclidean space with cylindrical coordinates 
p, 8, and h by means of the line element 
ds2 = dp2 + g2 dP + dk2. 
We denote the Riemannian space thereby obtained by R. Let us in- 
vestigate the curvature of R. 
The space R is symmetric with respect to every surface h = constant. 
Indeed, the mapping of R onto itself, by which to the point with coordi- 
nates p, 9, h + 5 is associated the point with coordinates p, 19, h - 5 is 
isometric. From this it follows that every surface h = constant is 
totally geodesic. Since now the’surface h = constant is totally geodesic, 
then the sectional curvature of the space corresponding to the plane 
element dh = 0 coincides with the Gauss curvature of the surface 
h = constant. The surface h = constant has line element dp2 + g2 d82 
and, consequently, its Gauss curvature is 
k= -g;=av<O. 
Thus, the sectional curvature of the space R corresponding to the plane 
elements dh = 0 is nonpositive, and for p > E is equal to zero. 
In the same way, R is symmetric with respect to the surface 6 = 
constant. Consequently, the surface 9 = constant is totally geodesic 
and the sectional curvature of R corresponding to the plane elements 
di+ = 0 equals the Gauss curvature of this surface. The surface t9 = 0 
has a Euclidean line element dp2 + dh2 and, consequently, its Gauss 
curvature equals zero. Thus, the sectional curvature of R corresponding 
to the plane elements dt9 = 0 equals zero. 
Lastly, we consider the sectional curvature of R corresponding to the 
plane elements dp = 0. To do this, we note that the surface p = con- 
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stant is isometric to a Euclidean cylinder, and so has zero Gaussian 
curvature. In addition, this surface has zero extrinsic curvature, 
since the geodesics h on this surface are lines of curvature in view of the 
symmetry of the space with respect to the planes 8 = constant. Since 
the intrinsic and extrinsic curvatures of the surface p = constant equal 
zero and, consequently, are equal to one another, the sectional curvature 
of R corresponding to the plane elements tangent to this surface, i.e., 
the plane elements dp = 0, equals zero. 
Since R is symmetric with respect to the surfaces h = constant and 
8 = constant, then the directions of the coordinate lines h and B and, 
consequently, of the coordinate lines p are principal directions of the 
Riemann indicatrix. Thus, the sectional curvature of R corresponding 
to the plane elements arising from the principal directions of the Riemann 
indicatrix is nonpositive. From this it follows that the sectional curvature 
corresponding to any plane element is nonpositive. 
Since for p 3 E the sectional curvature of the space corresponding 
to the principal plane elements dp = 0, d8 = 0, dh = 0 equals zero, 
then the space R is locally Euclidean in the region R, defined by the 
condition p > E. 
Thus, the Riemannian space R which we have constructed is a space 
of nonpositive curvature, which is locally Euclidean in the region R, . 
We now construct a special locally Euclidean space E. To do this, 
we introduce Cartesian coordinates x, y, and z in space and slice it along 
the half-plane y = 0, x > 0. We take n copies E, , . . . . E, of the space 
with such a slit, and glue these spaces at the sides of these slits in such 
a way that the sides of E, and EiAl which are glued together belong to 
the haIf-spaces y > 0 and y < 0, respectively. As a result of this gluing, 
we obtain a locally Euclidean space E with a singularity along the z axis. 
We denote by E,, the region of E consisting of those points whose distance 
from the z axis is greater than E’. 
Obviously, the locally Euclidean spaces R, and E, are isometric, if 
the edge p = E of the surface h = constant has geodesic curvature 
equal to 1 ,E’. But since the geodesic curvature of the edge p = E of the 
surface h = constant is 
then the condition that the spaces R, and E,, be isometric is that 
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We will now show that E’ goes to zero together with E. Indeed, 
g’(5 4 = 11, E’(Pl4 < n, g(0, a) = 0. 
Hence, g(E, a) < no, 
g’k, 4 > 1 
g(E,‘c. 
Consequently, c’ < E, and so E’ goes to zero as c + 0, 
4.3. Proof of the Theorem. Let F be a regular closed convex surface 
with positive curvature in Euclidean space, and S, S’ two arbitrary points 
on F. We construct a Riemannian space R with nonpositive curvature, 
just as in the preceding section. By the theorem on the isometric im- 
bedding of a two-dimensional Riemannian manifold in a three-dimen- 
sional Riemannian space with nonpositive curvature (Section 2), the 
surface F can be isometrically imbedded in R. This imbedding can be 
carried out in such a way that the point S goes into a given point A 
of the space, and a pencil of directions aF at the point S on F goes into 
a given pencil of d’ u-ections, isometric to o+ at the point A, and the 
direction of rotation of c+ with the interior normal to the surface forms 
a right-hand screw. 
We choose two perpendicular directions t, and t, at the point S of F. 
On the axis s(p = 0) of the space R we choose a point A and two per- 
pendicular directions 2,’ and t,’ at this point. By the theorem on isometric 
imbedding, F can be isometrically imbedded in R in such a way that the 
point S goes into A, the directions t, and t, go into the directions t,’ 
and t2’, and the directions t,’ and t,’ will form, with the direction t,’ 
of the interior normal to the surface, a right-hand system. We denote 
by F’ the surface in R into which the imbedding in question carries the 
surface F. 
Let us denote by cyi , a2 , and a3 the cosines of the angles formed by the 
direction of the axis s in R with the directions tl’, t2’, and t3’, respectively. 
The surface F’ intersects the axis of the space at two points, if a3 # 0. 
One of these points is by construction A. We denote the other point of 
intersection by B. To the point B on F’ there corresponds by the isometry 
some point S(B) on F. In view of the symmetry of the space with respect 
to the geodesic s the position of the point S(B) depends only upon the 
angles formed by the direction of s at the point A with the directions 
tl’, t2’, and t3’, i.e., upon the numbers CQ , 01~ , and a3 . 
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We assert that for some choice of the directions tl’, t2’, the axis s 
intersects the surface F’ at the point B corresponding by the isometry 
to the point S’ on F, i.e., S(B) = S’. 
As was shown above, the position of the point S(B) on F is uniquely 
defined by the numbers 01~ , OLD, and 0~~. This permits us to define a 
mapping T of the set of directions (01~ , 01~) 01~) onto the set of points 
of the surface F 
(% %9 4 - wo 
This mapping is continuous. Let us denote by G* the closed region, 
homeomorphic to a disk, in the set of directions (~yi , LYE , o1.J, which is 
defined by the condition 01~ > l * > 0. 
Since one can exhibit for the normal curvatures of the surface F’ an 
estimate not depending upon the choice of directions t,’ and t2’, then the 
image of the boundary of G* under the mapping T is, for l * sufficiently 
small, a closed curve which separates the points S and S’. From this it 
follows that there exists a direction in G* which is taken into the point 
S’ by the mapping T. But this means that the surface F can be imbedded 
isometrically into R in such a way that the points S and S’ lie on the 
axis s of the space, and S coincides with the point A of the axis. Hence- 
forth, we will suppose that F is imbedded in R in just this way. 
The space R constructed in Section 4.2 depends upon the parameter 
E. Let E decrease. Then as E + 0, R goes over into a locally Euclidean 
space E (Section 4.2), and the surface F’ goes over into some surface F,,’ 
which is everywhere regular except for the two points S, and SD’, 
which are situated on the axis of the space E. Every half-line, starting 
at a point 0 lying on the segment S,S,‘, intersects the surface F,,’ at one 
point. 
Let us map the locally Euclidean space E onto the Euclidean space 
E, from which E was obtained in Section 4.2, by associating to a point 
X of E that point of E, which geometrically coincides with it. This 
mapping is locally isometric. It carries the surface F,’ into some surface 
Fi’ which is isometric to F,‘, and, consequently, isometric to F. Since 
the space E is made up of n joined copies of the space E,, , then the 
surface Fi’ is intersected by every ray originating from an inner point 
of the segment S,,S,’ at n points whose positions (geometrically) do not 
differ. 
Thus, we have proven the possibility of a nontrivial isometric trans- 
formation of a surface F, punctured at two points S and S’. In view of the 
mentioned geometric property of the 71 points at which the ray intersects 
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the surface, this transformation depends essentially upon an integer- 
valued parameter n. Therefore, there exists at least a countable set of 
different surfaces which are isometric to the surface F, punctured at two 
points. 
This proves the theorem. 
5. Rigid Closed Surfaces, Not Homeomorphic to a Sphere, 
in a Riemannian Space 
5.1. Formulation of the Theorems. Suppose that a surface F (in 
a Riemannian space R) is subject to continuous deformation, which at 
the moment t takes it into a surface F, . This deformation is called an 
infinitesimal bending, if at the initial moment t = 0 the lengths of 
curves on the surface are stationary. With an infinitesimal bending of a 
surface is associated naturally a vector field 
where x(t) is that point of F, into which the point x of F is carried by the 
deformation. This vector field is called the bending field. 
The author [2] proved that every closed surface, homeomorphic to a 
sphere, with positive extrinsic curvature in a Riemannian space, held 
fixed at one point together with a pencil of directions through the point, 
is rigid in the sense that under the deformations indicated, every one 
of its bending fields is identically zero. 
Here we will prove a similar theorem for closed surfaces, not homeo- 
morphic to a sphere, with positive extrinsic curvature. In this connection 
we will first show that one can have, in a Riemannian space, surfaces 
with positive extrinsic curvature which are homeomorphic to any closed 
orientable two-dimensional manifold. As is known, such manifolds are 
distinguished by their genusp. A manifold of genus p = 1 is homeo- 
morphic to a torus, and a manifold of genus p > 1 is homeomorphic 
to a sphere with p handles. A manifold of genus p can be obtained by 
identifying the parallel, oppositely oriented sides of a regular polygon 
with 2(p + 1) sides. 
We constructed a closed surface, homeomorphic to a torus, with posi- 
tive extrinsic curvature in Section 2. Let us recall this construction. We 
choose a straight line segment A,A, in a Lobachevsky space and 
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construct three planes perpendicular to this segment: ur and ua through 
its endpoints, and u through its center. We denote by ii’ the region of the 
space lying between the planes ur and ua. If we identify points of ui and 
u2 which are symmetric with respect to u, then R’ becomes a complete 
Riemannian space R of constant negative curvature. The segment A,& 
is a closed geodesic y in R. We denote by F the locus of all points equally 
distant from y. Obviously, F is a surface homeomorphic to a torus. It 
admits a transitive group of motions into itself, induced by the motions 
in R, and, therefore, has constant and, consequently, zero Gaussian 
curvature. Since the curvature of R is negative, then the extrinsic curvat- 
ure of the surface F, being equal to the difference between its Gaussian 
curvature and the curvature of the space, is positive. 
Let us construct a closed surface with positive extrinsic curvature, 
of any genus p > 1. To do this, we choose on the Lobachevsky plane a 
regular polygon with 2(p + 1) sides. Th e interior angles of this polygon 
depend upon its dimension and can assume any values between 0 and 
r - [r/Q + I)]. Th ere f ore, for p > 1 there is a polygon whose interior 
angles are equal to rr/(p + 1). If we identify opposite sides of this polygon, 
we obtain a closed manifold of genus p and constant negative curvature. 
Let us denote it by M. 
We now define, on the three-dimensional manifold M* = M x g, 
which is the topological product of the manifold M and the line g, a 
Riemannian metric in the following way. 
Let P be any point of M. In a neighborhood of P the metric of the 
manifold M is defined by some quadratic form 
ds2 = gijdvi dvj (i, j = 1, 2). 
We map the manifold M, in a neighborhood of the point P, isometrically 
onto the plane a of the Lobachevsky space R’. Then in a neighborhood 
of the point P’ corresponding to the point P, the line element of u is also 
defined by the form g,, dvi dvj. We introduce, in a neighborhood of the 
perpendicular to the plane u at P’, a quasigeodesic system of coordinates 
in R’, taking for the lines v3 geodesics perpendicular to u, and for the 
surface vu3 = constant a surface equidistant from u. As coordinates of a 
point we take the distance from the point to the plane (v”) with an assigned 
sign, and the coordinates vl, v2 of the foot of the perpendicular dropped 
onto the plane u. The line element in R’ will have, accordingly; the form 
ds12 = p(v3)gii dv” dvj + (dv3)“, i, j = 1,2. 
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If we now define a metric for M* in a neighborhood of the lineg by the 
line element dsi2, then M* becomes a Riemannian space R*, locally 
isometric to a Lobachevsky space. Any surface v3 = constant # 0 in R*, 
in the same way as a surface equidistant from a plane in a Lobachevsky 
space, has positive extrinsic curvature. Thus, we have proven the exist- 
ence of a closed surface of genusp > 1 with everywhere positive extrinsic 
curvature in a Riemannian space and, consequently, the statement of the 
question of infinitesimal bendings of such surfaces is meaningful. 
We now state two theorems which will be proven in this section. 
THEOREM 1. A closed surface, homeomorphic to a torus, with positive 
extrinsic curvature in a Riemannian space and which is held fixed at one 
point, is rigid, i.e., every bending field of such a surface which equals zero 
at at least one point, is identically equal to zero. 
THEOREM 2. A closed surface with genus p > 1 and positive extrinsic 
curvature in a Riemannian space is rigid. That is, it does not admit any 
bending fields other than the identically zero field. 
Before turning to the proofs of these theorems, we remark that the 
condition in Theorem 1 that the surface be held fixed at one point is 
essential. Indeed, if this is not assumed, then a surface homeomorphic 
to a torus, generally speaking, can admit a nontrivial bending field. 
To show this, we choose a surface, homeomorphic to a torus, in the space 
of constant curvature constructed above. This surface admits motions 
into itself. The velocity field of these motions is a bending field. It is true 
that this bending field is trivial in the sense that it is the velocity field 
of a motion of the entire space. However, arbitrarily small deformations 
of the metric of the space in a neighborhood of the surface (but not on 
the surface itself) can be carried over to a nonhomogeneous space, 
which already will not admit motions. The motions of the surface into 
itself will be accompanied by changes in its extrinsic form, i.e., changes 
in the spatial distances between its points. 
5.2. Proof of Theorem 1. Let F be a surface, homeomorphic to a 
torus, with positive extrinsic curvature in a Riemannian space R. We 
introduce some parametrization ul, u2 on the surface and define, in a 
neighborhood of F, a quasigeodesic parametrization of the space, taking 
as the coordinates of a point the distance (with a sign attached) from 
the point to the surface F (v3) and the coordinates ~2, u2 of the foot of the 
perpendicular geodesic dropped onto the surface (79, v2), 
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If the parametrization of the surface is so chosen that the second 
quadratic form 
Xii dui duj 
assumes an isometric form (A,, = A,, , A,, = 0), then the equations 
for the infinitesimal deformation of the surface assume a particularly 
simple form. Namely, the covariant components t, and fZ of the vector 
of the bending field satisfy the system 
atI 2, ---- 
dul du2 (cl - c2)5, = 0, 
(*I 
where Fiy are the Christoffel symbols for the surface. The derivation of 
these equations is contained in the author’s monograph [2]. We wish to 
use the system (*) for the proof of Theorem 1, and in this connection 
we consider, first of all, the question of introducing a conjugate-isometric 
system of coordinates on F. 
Let us map the surface F, in any arbitrary way, onto a torus of zero 
curvature. Such a torus is obtained by identifying the opposite sides of a 
rectangle d in the Euclidean plane. If we introduce Cartesian coordinates 
ul, a2 in the plane in which this rectangle lies, choosing the sides of A 
as axes and taking as coordinates of a point on F the coordinates of the 
corresponding point of the rectangle, then the first and second quadratic 
forms of the surface in these coordinates will be 
gij du’ du’, hij du” duj, 
where gij and hij are periodic functions of u1 and u2 with periods equal 
to the sides of the rectangle. The universal covering P of F has the same 
fundamental forms, but considered on the entire Al, u2 plane. 
We denote by M a two-dimensional Riemannian manifold, whose 
metric is defined by the second quadratic form of the surfacefl, i.e., by the 
form hii dui duj in the ul, u2 plane. Since the extrinsic curvature of the 
surface F is positive and, consequently, Aij dui dui is a definite form and 
without restriction of generality may be considered positive definite, 
then a Riemannian metric can be defined by such a form. 
Let us map the manifold A4 onto the ul, u2 plane with its natural 
metric, associating points with the same ul, u2 coordinates. This mapping 
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is quasiconformal. It takes an infinitesimal disk on M into an infinitesimal 
ellipse on the plane, the ratio of whose semiaxes is uniformly bounded. 
It follows from this that the manifold M admits a conformal mapping S 
onto the plane. Let u, w be the Cartesian coordinates of the point into 
which a point (ul, u”) of M is carried by the conformal mapping S onto 
the plane. If we introduce as coordinates of a point in M the coordinates 
u, ZI of its image under the conformal mapping S, then the line element 
of M assumes the isometric form 
Set 
ds2 = h(du’ + dv2). 
I = 211 + id, 2 = u + iv. 
Then the mapping S is given by some function s of the complex variable 
Z having values in the plane of the complex variable z, i.e., 
2 = s(2). 
Let 01~ and 01~ denote the nonzero complex numbers representing the 
vertices of the rectangle A, situated on the coordinates axes ul, u2, 
respectively. We note the following property of the mapping S. 
There exist complex numbers wi , w2 such that for any 2 and integers 
m, n 
s(H + ml + nor,) = s(Z) + mu, + m2. 
To prove this property for any m and tt, it is sufficient to verify that it is 
valid for m = 1, rz = 0 and m = 0, tl = 1. Let us consider the case 
m = 1, 72 = 0. 
The mapping of M onto itself, by which to the point Z is associated 
the point 2 + 0~~ , is an isometric mapping in view of the periodicity of the 
coefficients of the form hij dui duj, the line element of the manifold M. 
Therefore, the mapping of the z plane onto itself, by which to the point 
s(E) is associated the point s( 2 + cyi), is conformal. But the only conformal 
mappings of the Euclidean plane onto itself are linear transformations. 
Thus, 
s(Z + al) = cs(2) + WI. 
Since this mapping must not have fixed points (the mapping Z -+ z’ + CQ 
has no fixed points), then c = 1 and, consequently, 
s(Z + q) = s(Z) + WI. 
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Similarly, one proves the existence of an w2 such that 
s(.z + a2) = s(Z) + wp 
From this, one obtains as a consequence that for any integers m, n 
~(2 + ma, + na,) = s(Z) + mu, + nw,. 
We now introduce u and v as coordinates on the universal covering I;. 
Then, its first and second quadratic forms will be defined in the u, v 
plane, and the second quadratic form will have the isometric form 
h(du2 + dv2). 
The coefficients of both forms will be doubly periodic functions of the 
complex variable z = u + iv with periods w1 and w2 . 
Remark. Suppose that d’ is the curvilinear quadrangle in the z plane 
into which the mapping S takes the rectangle A. The aforementioned 
property of the mapping S enables one to assert that A’ becomes a torus 
of zero curvature if one identifies corresponding points on opposite 
sides. Thus, we have at the same time proven the possibility of conform- 
ally mapping any Riemannian manifold, homeomorphic to a torus, onto 
some torus of zero curvature. 
We can extend the tending field .$ of the surface F onto the universal 
covering E, associating with a point of P the vector of the tending field 
of F at the point which geometrically coincides with the given point of P. 
In the u, v coordinates on P, the components (i and t2 of the tending 
field will likewise be doubly periodic functions of the complex variable 
x = u + iv. 
Let us turn now to the equations of the tending field: 
8, at2 --- 
au dv = 41 + b&a 
2 + 2 = cfl + d.$. 
The coefficients a, ,.., d of the system are expressions in the Christoffel 
symbols of the surface and are, consequently, doubly periodic functions 
of a. 
Setting 
5 = t1 + iti, 5 = 55 - i&, 
A = $ (u + d + ic - ib), B = a (a - d + ic + ib), 
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we can write the equations of the bending field in the following form: 
Let us now choose a disk KR of radius R with center at the point z = 0. 
Then, inside this disk the function 5 admits the representation 
where q(z) is some analytic function, 
w(z) = 
- C(t)ds iJ t--z’ C(t) = - ;(A(0 + B(t)@ 
KR 
and the integral over KR is a surface integral (Vekua [l]). 
Let q < 1 be some fixed number. We estimate 1 W(Z) 1 for values of z 
satisfying the condition 1 a ) < qR. Let K(z) be the disk with center at z 
and radius R - 1 z /. Then 
w(z) = ss 
K(Z) KR-K(z) 
Since C(t), as a periodic function, is bounded, and for I z 1 < qR one has 
I t - z I >, (1 - q)R in the region KR - K(z), then, 
I IS C(t) ds t--z GC,IZII 
KR-K(z) 
where c1 is .some constant. 
Let A, denote the parallelogram with vertices z + &( f wr & ~a). 
We denote by A,, the parallelogram which is congruent and parallel 
to A,, with center at the point z + mw, + nw2, where m and n are 
any integers. We now divide the disk K(z) in two regions K,(z) and K,(z). 
The region K,(z) consists of those parallelograms A,, which are entirely 
contained in K(z), and K,(z) = K(z) - K,(z). Obviously, 
where c2 is some constant. 
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Using the periodicity of the function C(t), we reduce the integration 
in the expression q(z) to integration over the basic parallelogram A,, , 
obtaining 
wd4 = {j (c t--z ‘+ w j C(t) ds, w,n = mw, + fiw.2. . mn 
4 m.n 
By a change of the variables of integration, we can set z = 0. Then, 
44 = 1s iz 1 ___- t - wmn 1 C,(t) ds. 
43 m,n 
Since, among the terms in the sum appearing in 
wi(z), the term l/(t + w,,,) is contained together 
l/(t - w  ,,,,), then one can write 
WI(Z) = ; il(z --‘-jtC,(t) ds. t2 - w2 
A0 n2.n 
mn 
We now consider the difference 
dsL- - . u -- t2 - w’ IS 
dsr p - $3 .
Amn mn A 2”” 
For comparatively large j w,~ / 
where cg is some constant. Therefore, 
the expression 
with the term 
252 A. V. POGORELOV 
The inner integral can be taken over the disk K(z), since the correspond- 
ing change in its value can be included in the remainder O(1). But, 
-- ds JJ --f- = SI dp dr t* - t* (t* - 9)r ’ 
K(Z) 
where the inner integral on the right-hand side is taken with respect to the 
complex variable 7 along a circle of radius p, and the the outer integral 
is taken with respect to p between the limits zero and the radius of 
K(z). Since, for / t / < p, 
then 
where cr is some constant. We conclude from this, finally, that 1 wi / 
does not exceed some constant and, consequently, for large z 
Let us now choose a sequence of disks K, of radius n and construct 
the corresponding functions W, and TV: 
l(z) = Q)&)PJ~). 
Since c(z), as a periodic function, is bounded, one can extract from the 
sequence {TV} a convergent subsequence. The limit p)(z) will be analytic 
in the entire z plane. 
By the conditions of the theorem, 5 vanishes at some point z0 (the 
point at which the surface is held fixed). In view of its periodicity, 5 
vanishes at every point z,, = z0 + unls . The functions am vanish 
at these same points, as does therefore the limit function P(Z). 
Since v(z) grows no faster than e~‘~‘, then, as it vanishes at the points 
z In12 9 by a well-known theorem it must be identically equal to zero. 
Hence, in view of the uniform boundedness of the WJZ) in any finite 
part of the z plane, we conclude that I c(z) I is arbitrarily small in any 
finite part of the z plane and, consequently, i(z) is identically zero. 
Thus, the components [r and t2 of our bending field are equal to 
SOME RESULTS ON SURFACE THEORY IN THE LARGE 253 
zero. Regarding the third component fa, it vanishes together with (I 
and t2 , since 
&-r”(.-u[ =o 
624 11 I, 3 
(k = 1,2) 
(cf. Pogorelov [2]). Th e roof of the theorem is complete. p 
5.3. Method of Approach to the Proof of Theorem 2. Let F be a 
closed surface of genus p with positive extrinsic curvature in a Riemann- 
ian space R. We choose a closed two-dimensional manifold F, of genus 
p with constant negative Gaussian curvature (such a manifold was 
constructed in Section 5.1) and map the surface F onto it in some ar- 
bitrary way. This mapping induces a mapping of the universal covering 
E of F onto the Lobachevsky plane. We introduce a metric on the surface 
E by means of the second quadratic form of F, and denote the Riemannian 
manifold thereby obtained by M. 
The mapping of the surface P onto the Lobachevsky plane generates 
a mapping of the manifold M. This mapping is quasiconformal. Mapping 
now the Lobachevsky plane conformally onto the unit disk of the Euclid- 
ean plane, we obtain a quasiconformai mapping of the manifold M. 
From this it follows that M can be mapped conformally onto the unit 
disk. We denote this mapping by S. 
Let MO be the region of M corresponding to the surface F. Now M 
admits a discrete group G of isometric transformations g,. The regions 
M,. = g,M, which are obtained from M,, by these isometric transforma- 
tions cover all of M. 
The isometric transformations g, of M into itself generate transforma- 
tions h,. = Sg,S1 of the unit disk into itself. We assert that these 
transformations are fractional-linear. Indeed, since the mapping g, 
is isometric, .and the mapping S is conformal, the mapping h, of the 
disk into itself is conformal. Now every conformal mapping of the 
disk into itself is realized by a fractional-linear function of a complex 
variable. 
The mapping S of the manifold M onto the unit disk is, at the same 
time, a mapping of the surfacep onto this disk. If we take, as coordinates 
of a point on E, the Cartesian coordinates u, v in the disk, then the second 
quadratic form of the surface p assumes an isometric form, and isometric 
transformations of P into itself will be represented by fractional-linear 
transformations of the complex variable z = u + iv. 
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Maintaining the notation of Section 5.2, let us return to the equation 
for the bending field in complex form 
Inside the disk ; z < p < 1 the solution of this equation has the re- 
presentation 
5 = fp(z)ew(;). 
Let us now assume that we have succeeded, in some way, in proving 
the uniform boundedness of the functions a(z) for p + 1. Then the 
proof of the theorem can be concluded in the following way. 
We construct a sequence of disks K, of radius p = 1 - (l/n). For 
every disk we define the function ?‘n . Since the vn are uniformly bound- 
ed, then one can extract a convergent subsequence from them. Let v 
be the limit of this subsequence. We now clarify the existence and the 
distribution of zeroes of F. Since the zeroes of ‘p coincide with those of 5, 
it suffices to consider the zeroes of 5. 
In every region A, = S(M,) the function 6 vanishes at least at one 
point. Indeed, were this not the case, then one could define on F a 
continuous nowhere-vanishing tangent vector field (the projection of the 
bending field onto the surface). But such a field can only be defined on a 
surface which is homeomorphic to a torus, while our surface has genus 
p > 1. 
Let zk be the zeroes of 5 and, consequently, of F. Consider the series 
u = z (1 - I Zk 1 ). 
k 
We show that it diverges. Indeed, the points A, on the Lobachevsky 
plane corresponding to the zI; are uniformly distributed. Therefore, 
the density of the distribution of the roots zk grows, as one approaches 
the circle 1 z / = 1, as l/( 1 - P~)~, i.e., in the surface element ds of the 
disk there are contained 
co ds 
= (1 - p2)2 
zeroes. Taking this into account, we can write 
U= 
ss 
COU - P) ds + o(1), 
,z <1 (1 - P2)’ 
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where 0( 1) is a bounded quantity. Since the integral on the right-hand 
side diverges, the series U also diverges. 
From the divergence of the series U and the boundedness of the 
function y’, it follows that v is identically zero. From this we conclude 
without difficulty that the function 5 and with it also the vector of the 
bending field equals zero. 
Thus, it remains for us to show only that the function y is bounded 
over the entire disk / z [ < 1. We now indicate one approach to the 
proof of this assertion which apparently should lead to the desired 
result. 
The regions A, = S(M,) cover the entire disk ) z j < 1. Let A, be 
that region which contains the point z = 0. Let us compare the values 
of the function C(t) at corresponding points of the regions A, and A’. 
The correspondence in question is that which is established by the 
fractional-linear transformation h, which takes the disk / z 1 < 1 into 
itself, and the region A, into A’. Let z be an arbitrary point of A,, and 
z’ the corresponding point of A’. We will consider the coordinates u, 
v of z as coordinates of the point z’. This change of coordinates is 
accompanied by a corresponding transformation of the covariant com- 
ponents & of the bending field. For the complex component 5 this 
transformation is accomplished by the formula 
From the equation of the 
evident that 
infinitesimal bending in complex form, it is 
Hence, taking into consideration the connection between 5 and 5’ under 
the transformation of coordinates, we obtain 




’ z + O(l), 
K 
256 A. V. POGORELOV 
where D is a function which is defined in A’ by 
D(d) = - 7T -(g&. 
Here z’ is an arbitrary point of A’, and z is the corresponding point of 
A, under the transformation h, , which takes A, into A’. 
Let E denote the function defined in A’ by 
E(z’) = -g . 
Then, proving the boundedness of qJ is equivalent to proving the bounded- 
ness of the function 
It is essential to note that the function # does not depend upon the 
specific shape of the surface F. It is completely defined by the group of 
transformations h, , which depends only upon the topology of F, i.e., 
its genus p. One can say that the group of transformations h, coincides 
with the transformation group of some automorphic function in the 
disk Jzj -C 1. 
Appendix 1 
Complete Solution of the Problem of the Isometric lmbedding 
of a Two-Dimensional Riemannian Manifold, Homeomorphic to a 
Sphere, in a Three-Dimensional Riemannian Space. In this appendix 
we return once again to the question of the isometric imbedding of a 
closed, two-dimensional Riemannian manifold, homeomorphic to a 
sphere, in a three-dimensional Riemannian space and prove the follow- 
ing definitive theorem. 
THEOREM 1. Let R be a complete three-dimensional Riemannian 
space, and M a closed Riemannian manifold, homeomorphic to a sphere, 
with Gaussian curvature everywhere greater than some constant c (greater, 
less than or equal to zero). Then, if the curvature of R is everywhere less 
than c, M can be isometrically imbedded in R in the form of a regular 
surface F. 
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Moreover, this imbedding can be accomplished in such a way that a 
given two-dimensional element a of the manifold M (a point S and a pencil 
of directions through it) shall coincide with a given two-dimensional element 
(Y’, isometric to cy, in R, and the surface F shall lie on a given side of the 
surface of a’. 
If the metrics of R and the manifold M are k times differentiable (k > 6), 
then the surface F is at least k - 1 times differentiable. 
The proof of the theorem on the imbedding of M in R, discussed 
in Section 3, consisted of three sections: (1) the construction of a family 
of manifolds M, with curvatures greater than c, containing the given 
manifold M and a manifold MO known to be imbeddable, (2) the proof 
of the imbeddability of manifolds M, close to an imbeddable manifold, 
and finally (3) the proof of the imbeddability of a manifold M,, which 
is the limit of imbeddable manifolds. In the first two parts of the proof, 
the condition of nonpositive curvature for the space R was inessential. 
It was essential only in the third part and was needed to establish estim- 
ates for the normal curvature of the surface F, isometric to M, (Section 
2). Thus, for the proof of Theorem 1 it suffices to show the imbeddability 
of a limit M,, of imbeddable manifolds, without the assumption of the 
nonpositivity of the curvature of the space R. Here we may suppose 
that c > 0, since the case c < 0 was considered in Section 3. 
Suppose that S is the point of R from which the directions of the 
pencil 0~’ issue. We construct a covering Riemannian manifold R, for 
the ball 52 of radius .rr/d/c with center at S. To do this, we choose a ball 
Sz, of radius r/de in Euclidean space and establish an isometric corres- 
pondence between directions in R at S and directions in Euclidean 
space at the center S, of the ball Q, . 
Let X be an arbitrary point of Q, . We connect it to the center S, 
by a line segment. In the corresponding direction from S, we construct 
a geodesic and mark off an interval on it equal to Sax. Let X’ denote 
the end point of this interval. We obtain thus a mapping of the Euclidean 
ball Q, onto the ball Q in the Riemannian space R. This mapping is 
locally topologic, since the curvature of R is less than c and, consequently, 
there are no points conjugate to S at a distance from it less than n/z/C 
along a geodesic which issues from S. We define a Riemannian metric 
inside the ball 52,) taking for the distance between points X and Y 
close to each other the distance between their images in R. The Rie- 
mannian manifold R, thereby obtained is a covering for R in 0. In 
order to imbed M isometrically in R, it is sufficient to imbed M isometric- 
ally in R, , and then show a method of mapping R, in R. Thus, we can 
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restrict our considerations to the question of imbedding the manifold 
M in the covering manifold R,. 
Let us take the manifold MO of the family M, , which we know is 
imbeddable. As was proven, manifolds M, which are close to M,, are 
likewise imbeddable. The corresponding surfaces F, are obtained by a 
continuous deformation of F, . We assert that each of the surfaces F, 
encloses a body V, homeomorphic to a ball and intersects every geodesic 
ray issuing from S, exactly once. This property is obvious for the surface 
F, , which is a small sphere. By the continuity of the family F, this 
property can be violated only if for some t the interval on the geodesic 
ray which connects a point A of F, with S,, is touched by the surface 
at the point A. But this is not possible, since then this interval would 
extend at least partially outside the body enclosed by the surface F, , 
in view of its strict convexity. 
We remark also that all of the surfaces F, are contained inside a ball 
of radius ?r/@, c’ > c with center at S,, . Indeed, the Gaussian curvatures 
of the F, are strictly greater than c and, consequently, greater than some 
c’ > c, since the set of values of the parameter t is closed. The intrinsic 
diameter of a surface with Gaussian curvature greater than c’ >‘O 
is less than r/d? . Since the surface F, passes through the point 27, , 
it is contained in a ball with center at S,, and radius r/l/c’. 
Let t* be a value of the parameter t such that t* is the supremum of 
the set of values t < t* for which the manifold M, is isometrically im- 
beddable in R, . We assert that the manifold Mt. is imbeddable. For 
the proof, it suffices to show that for 1 t - t* 1 small, one can exhibit 
an upper bound for the normal curvatures of the F, not depending upon 
t. Let us assume that M,, cannot be isometrically imbedded in R, in 
the form of a regular surface and, consequently, that there exist no bounds 
for the normal curvatures of the surfaces F, for t close to t* which do not 
depend upon t. This means that for any n > 0 one can find among the 
F, a surface F,, , with 1 t - t, 1 < l/n , whose maximum normal curvat- 
ure is greater than n. Suppose that this maximum, for the surface Fin , 
is attained at the point P, . Without restriction of generality, we may 
suppose that the sequence of points P, converges to some point PO. 
Let us take a ball G, with center at P,, , so small that any two of its 
points are connected by a unique shortest line in R, . Let w, be that 
part of the surface F, which is contained inside G, . Obviously, w, is a 
convex surface and is a region on the boundary of the convex body 
obtained by intersecting Vc and G,, . Without restriction of generality 
we may suppose that the sequence of convex surfaces w, converges to 
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some general convex surface wO. This surface has positive extrinsic 
curvature, Hence, as in the case of Euclidean space (Alexandrov [l, 2]), 
one may conclude that it is strongly convex, i.e., does not contain geodesic 
segments of R, . 
Let us connect an arbitrary point A of the surface w,, with the point 
P,,. Let 6(A) be the angle formed by the interior normal to w0 at the 
point A with the direction of the shortest line AP,, . In view of the strict 
convexity .of w0 , 9(A) < 7r/2 and for all points A whose distance from 
PO is not less than Q > 0 we have 9(A) < (n/2) - v(c), where T](E) is 
greater than zero. 
The point PO on w0 cannot be a conical point. Therefore, some geodesic 
y0 tangent to w,, passes through this point. Let us construct a quasigeodesic 
y’ from the point PO into the body on which the surface w0 lies, in such 
a way that the angle formed by y’ and y0 at P,, is less than 77(r)/2, and take 
a point P’ on y’. If P’ is sufficiently close to PO and we define the angle 
6(A) by means of P’ rather than P, , then for points A whose distance 
from PO is greater than E, this angle also wiII be less than (r/2) - ~(6). 
In view of the convergence of o, to CC+,, for sufficiently large n the angle 
8(A), defined for the surface wn and the point P’, will also be less than 
(7~/2) - T(E) for AP, < c, and for A = P, this angle is greater than 
(742) - MWI . 
We now define, on the surface w, , the function 
where k(X) is the maximal normal curvature at the point X, 6(X) is 
the angle formed by the interior normal at the point X of the surface 
with the direction of the quasigeodesic XP’, and p is some positive 
constant. For w, sufficiently close to o0 and every point X satisfying 
XP, > c we have 
E(X) < E(PJ. 
Indeed, by definition of the points P,, i(X) < k(P,). Further. 6(X) 
< (742) - v(e), and 8(P,) > (7r/2) - [77(c)/2]. Hence, 8(X) < 8(P,,) 
and, consequently, C(X) < W(PJ. 
Since G(X) < eij(P,) for XP, > E, then the maximum of G(X) is 
assumed at some point X0 whose distance from P,, is not. greater than 
E, and whose distance form P’ is therefore not greater than Q + POP’. 
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Now we introduce, in a neighborhood of P’, a polar geodesic coordin- 
ate system and repeat verbatim the proof of the theorem concerning 
estimates in Section 2. In this proof the nonpositivity of the curvature 
of the space played a role only in establishing the positivity of the extrinsic 
curvature of the spherical surface u3 = constant, passing through the 
point X0 . Now this holds irrespective of the curvature of the space 
because of the smallness of the radius P’X, of this surface. 
Establishing an estimate for W establishes at the same time an estimate 
for ?(P,). But by hypothesis <(P,) > n, and we arrive at a contradiction. 
Thus, the manifold M,, is imbeddable and, consequently, the given 
manifold M is also imbeddable. 
The theorem is proved. 
Remark. As is evident from the proof of Theorem 1, the requirement 
that the space R be complete is inessential. It is sufficient that a ball, of 
radius d equal to the intrinsic diameter of the manifold M and center 
at the point S, be compact. Or, what is the same, that the distance from 
S to the boundary of R be greater than d. 
THEOREM 2. The surface F, whose existence is asserted by Theorem 
1, is uniquely defined by the two-dimensional element 0~‘. 
THEOREM 3. If, in a complete Riemannian space R with sectional 
curvatures, corresponding to all plane elements, less than c there are given 
two regular, isometric surfaces F, and F, , each homeomorphic to a sphere, 
and having Gaussian curvatures greater than c, then one of these surfaces 
admits a continuous deformation into the other. 
The analogous theorem holds for an incomplete Riemannian space 
R, if there exists a compact region G which contains the surfaces F, 
and F, , and a curve y in G, connecting two points on the surfaces which 
correspond under the isometry, which lies at a distance from the bound- 
ary of G greater than the intrinsic diameter of the surfaces. 
The proof of Theorems 2 and 3 does not differ essentially from the 
proof carried out in Pogorelov [2]. 
Appendix 2 
On the Regularity of a Convex Surface with Regular Metric in 
Euclidean Space. The problem of the regularity of a convex surface with 
SOME RESULTS ON SURFACE THEORY IN THE LARGE 261 
a regular metric in Euclidean space was basically solved in the author’s 
work [3]. Namely, the following theorem was proven. 
If a convex surface has a regular (n times differentiable, n > 5) 
metric and positive Gaussian curvature, then the surface itself is regular 
(at least n - 1 times differentiable). If the metric of the surface is analytic, 
then the surface is analytic. 
We say “basically solved,” because it remained unclear what the 
situation is in the cases n = 3 and 4. As regards n = 2, an answer is here 
furnished by a theorem of A. D. Alexandrov [I], according to which 
a convex surface with bounded positive specific curvature, in particular, 
with a twice differentiable metric and positive Gaussian curvature, is 
smooth, i.e., at least once differentiable. 
At the present time, thanks to the work of Nirenberg [l] and Heinz 
[l, 21, a theorem on regularity can be proven also in the cases n = 3 
and 4. Let us show this. 
The proof of the theorem on the regularity of a convex surface with 
regular metric, contained in the author’s work ,[3], is roughly the follow- 
ing. Let @ be a convex surface with regular metric and positive curvature, 
and P a point on this surface. To prove the regularity of Q, in a neigh- 
borhood of P we introduce a parametrization u, v in which the metric 
of the surface has the regularity stated in the conditions of the theorem. 
By means of a plane parallel to the tangent plane at the point P, we cut 
off from @ a small cap w and denote by G, the region on the U, v plane 
corresponding to the cap. 
We construct a sequence of closed analytic curves yn inside the region 
G, , converging to the edge of G, , and such that the geodesic curvature 
of every one of the curves yn in the metric of the cap defined by the line 
element 
ds2 = E du2 + 2F du dv + G dv2 
is strictly positive. 
We further construct a sequence of analytic metrics 
ds,,2 = E,, du2 + 2F,, du dv + G,, dv2 
in G,, converging to the metric ds2 of the cap w, in class C”, i.e., such 
that the coefficients En , F, , and G, of the line element dsn2 converge 
to the coefficients E, F, and G, and their derivatives up to order n 
converge to those of E, F, and G. Without restriction of generality, 
we may suppose that the geodesic curvature of the curve yn in the metric 
dsn2 is strictly positive. 
262 A. V. POCORELOV 
The metric dsn2, considered in the region G,” bounded by y,, , can be 
realized by an analytic cap w, (Pogorelov [3]). For ,n -+ 00 the sequence 
of caps W, converges to a cap W, congruent to w  (Pogorelov [3]). Thus, 
to prove the regularity of w  in a neighborhood of P it suffices to prove 
the regularity of W. 
Heinz [2] proved the following theorem. 
Let T(U, V) be a twice differentiable vector function, defined in a 
region 52 of the u, v plane; ds2 = E du2 + 2F du dv + G dv2 the line 
element of the surface @: I = Y(U, v). Let E, F, G, their derivatives 
up to third order, and the expression (EG - F2)-l be bounded in 
absolute value by a constant a; let the Gaussian curvature of @ be 
greater than b > 0, and let the surface integral of the absolute value of 
its mean curvature be bounded by a constant c < m. Then, on the 
set of interior points of J2 which lie at a distance not less than p > 0 
from its boundary, one can exhibit bounds for the absolute values of 
the second derivatives of T(U, v) which depend only upon the quantities 
a, b, c and p. Moreover, for any positive number 7 < 1 one can exhibit 
bounds for the Holder constants, relative to exponent 7, of the second 
derivatives of Y(U, v) which depend only upon the aforementioned 
constants and 7. 
Applying this theorem to the sequence of caps o, and passing to the 
limit n -+ a, we conclude that the limit cap (3 must belong to class C2+r, 
0 < T < 1, i.e., the vector function Y(U, v) has second derivatives satis- 
fying a Holder condition with any exponent T (0 f 7 < 1). 
Further regularity of the limit cap W is obtained with the help of a 
theorem of Nirenberg on the nature of the regularity of a twice differenti- 
able solution of an equation of elliptic type with regular coefficients, by 
applying it to the Darboux equation. According to this theorem, from 
the twofold differentiability of the surface w  and the n-fold differentiability 
of its metric it follows that w  is at least 11 - 1 times differentiable and the 
(n - 1)st derivatives of the function Y(U, v) defining the surface satisfy 
a Holder condition with any exponent h, 0 < X < 1. 
Thus, if n 2 3, then a convex surface with metric of class C” and 
positive Gaussian curvature belongs at least to class @--l+z for any CL, 
O<LX<l. 
A similar result also holds for n = 2. It is obtained from another 
theorem of Heinz [l]. Heinz proved that if a twice differentiable function 
z(x, y) in a region Q of the XY plane satisfies the condition 
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then on the set of interior points of I2 which are separated from its bound- 
ary by a distance not less than d, the first derivatives of z(x, y) satisfy a - 
Holder. condition with exponent T = dp/a and constant depending 
only upon a, p, and d and 
8 = d mix@,8 + zys)i/s. 
Applying this theorem to the caps w, which converge to ~3, we conclude 
that in a neighborhood of the point P, the first derivatives of the functions 
ZJX, y) defining these surfaces uniformly satisfy a Holder condition 
with any exponent 7 < 1. (For a small neighborhood p/a is arbitrarily 
close to unity in view of the continuity of the Gaussian curvature and 
the smoothness of the limit surface). Passing to the limit tl --t 00, we 
conclude that the limit surface w  = c3 also has this property. 
Thus, we arrive at a complete solution of the question of the regularity 
of a convex surface with regular metric, in the following form. 
THEOREM. Zf a convex surface has a regular metric of class CR 
(n >, 2) and positive Gaussian curvature, then the surface itself is at least 
of class Cfl-‘+ll for any a, 0 < a < 1. Zf the metric of the surface is analytic, 
then the surface is analytic. 
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